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Statistical learning makes the hybridization of

particle swarm and differential evolution more

efficient—A novel hybrid optimizer
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This brief paper reports a hybrid algorithm we developed rec ently to solve the global optimization
problems of multimodal functions, by combining the advanta ges of two powerful population-based
metaheuristics——differential evolution (DE) and particl e swarm optimization (PSO). In the hybrid de-
noted by DEPSO, each individual in one generation chooses it s evolution method, DE or PSO, in a
statistical learning way. The choice depends on the relativ e success ratio of the two methods in a previ-
ous learning period. The proposed DEPSO is compared with its PSO and DE parents, two advanced DE
variants one of which is suggested by the originators of DE, t wo advanced PSO variants one of which is
acknowledged as a recent standard by PSO community, and also a previous DEPSO. Benchmark tests
demonstrate that the DEPSO is more competent for the global o ptimization of multimodal functions due
to its high optimization quality.
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The global optimization of multimodal functions is

one of the most important generic topics in scien-

tific and engineering researches since many prob-

lems can be depicted in its forms. Particle swarm

optimization (PSO) and differential evolution (DE)

are two kinds of powerful population-based meta-

heuristic algorithms for numerical optimization[1,2].

Both PSO and DE have attracted much atten-

tion from researchers in different fields in the past

decade[1−8]. The goal of this brief paper is to report

on a novel powerful hybrid optimizer we proposed

by combining the advantages of PSO and DE. The

rest of this paper is outlined as follows. In section

1, a brief introduction on the PSO and DE opti-

mizers for hybridization is provided. In section 2,

a novel hybrid algorithm based on PSO and DE

is proposed. In section 3, numerical experiments

based on several benchmark problems are imple-

mented to compare the performances of different

optimizers. Section 4 concludes the paper.

1 Introduction

1.1 Particle swarm optimization

The particle swarm optimizer used here for the

hybridization is a variant of PSO with constric-
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tion factor (PSO-cf) whose iteration equations are

shown as follows[1]:

vd
i (k + 1) = χ ∗ [vd

i (k) + c1 ∗ rand1d
i ∗ (pbestd

i (k)

− xd
i (k)) + c2 ∗ rand2d

i

∗ (nbestd
i (k) − xd

i (k))], (1)

xd
i (k + 1) = xd

i (k) + vd
i (k + 1), (2)

where the subscript i is the indication of the ith

particle (i=1,2,· · · ,PS; PS is population size); the

superscript d is the indication of the dth dimension;

the index k is the indication of the kth generation;

xi = (x1
i , x

2
i , · · · , xD

i ) and vi = (v1
i , v

2
i , · · · , vD

i ) are

the position and velocity of the ith particle, respec-

tively; χ is the so-called constriction factor pro-

posed by Clerc and Kennedy[1]; c1 and c2 are ac-

celeration coefficients; rand1d
i and rand2d

i are ran-

dom numbers uniformly distributed in the inter-

val [0,1]. pbesti = (pbest1i , pbest2i , · · · , pbestD
i ) is

the best position found so far by the ith parti-

cle; nbesti = (nbest1i , nbest2i , · · · , nbestD
i ) repre-

sents the best position found by the particles in the

neighborhood of the ith particle. Different neigh-

borhood topologies correspond to different PSO

versions[3]. The topology applied here is the well-

known vonNeumann topology in which each parti-

cle has four neighbors on a two-dimensional lattice

(left, right, above and below)[3].

1.2 Differential evolution

The differential evolution proposed by Price and

Storn[2] is also a formidable population-based opti-

mizer. It has three operators: mutation, crossover

and selection. The mutation in DE is a distinct in-

novation. It is based on the difference of different

individuals (solutions). A general notation for DE

is DE/x/y/z where x specifies the base vector to

be mutated, y is the number of difference vectors

used, and z denotes the crossover scheme[2]. The

most classical DE variant is DE/rand/1/bin. In

this DE variant, for the mutation of the ith indi-

vidual in the DE population {xi|i = 1, 2, · · · , PS},

three different individuals xr1, xr2 and xr3 with

r1 6= r2 6= r3 6= i will be randomly (rand) chosen

from the population to generate a new vector. The

new vector can be expressed as follows:

zi = xr1 + F · (xr2 − xr3), (3)

where F is the so-called scaling factor which is a

positive constant usually chosen from the interval

(0,1). After mutation, a binominal (bin) crossover

operates on the vector zi and the individual xi to

generate the final vector ui in the following way:

ud
i =

{

zd
i , if randd

i 6 CR or d = rni,

xd
i , otherwise,

(4)

where xd
i , zd

i and ud
i are the dth dimensional com-

ponents of the vectors xi, zi and ui, respectively;

CR is the predefined crossover probability; rni is

a number randomly selected from the index set

{1, 2, · · · ,D} and used to ensure that the trial vec-

tor ui is different from the original solution xi. Fi-

nally, ui will be compared with xi, and the better

one will be selected as a member of the DE popu-

lation for the next generation.

2 A novel DEPSO

The DEPSO we proposed here adopts a statisti-

cal learning strategy which selects the evolution

method for each individual according to the rela-

tive success ratio of alternative methods in a learn-

ing period. If the fitness of an individual is im-

proved by PSO, the success number of PSO is in-

creased. Otherwise, the failure number of PSO is

increased. This rule is same for DE. Denote by

NPSO
s and NPSO

f , respectively, the success number

and failure number of PSO in a learning period,

and by NDE
s and NDE

f the DE counterparts. The

relative success ratio of PSO versus DE, that is,

the probability of choosing PSO as the evolution

method for an individual, can be expressed as fol-

lows:

Pr =
NPSO

s (NDE
s + NDE

f )

NPSO
s (NDE

s + NDE
f ) + NDE

s (NPSO
s + NPSO

f )
.(5)

The performance of PSO and DE may vary with

search stages. They may fit respectively diverse

requirements on the tradeoff between exploration

and exploitation at different search stages[4]. Our

motive is to use the fitter method to implement

the search of problem space in different stages. The

statistical learning here is defacto an adaptation of

search methods by feedback from the current state
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of search[5]. One of the most important parame-

ters for the proposed DEPSO is its learning period

(denoted by LP). Our preliminary experiments on

this parameter show that the performance of this

DEPSO is insensitive to LP. When population size

is properly chosen, different settings of LP will lead

to similar optimization results. In our research, LP

is fixed at 50 generations. The pseudocode for the

DEPSO is presented in Table 1. It is easy to see

from Table 1 that the running time of the DEPSO

can be approximated as follows:

TDEPSO ≈ N [αTPSO + (1 − α)TDE + TL/LP], (6)

where TDEPSO, TPSO and TDE denote respectively

the running time of DEPSO, PSO and DE for a

function evaluation, N is the total number of func-

tion evaluations, TL is the time cost of executing

a statistical learning, and α is a random number

in (0,1) which is related to Pr (see Table 1) and

reflects the ratio of DE and PSO employed in the

Table 1 Pseudocode for proposed DEPSOa)

Generate a uniformly distributed random population P = {xi|i = 1, 2, · · · , PS} within the whole search range.

Set Pr = 0.5 and the generation record k = 0. Set the records NPSO
s , NPSO

f
, NDE

s and NDE
f

at zero.

Do k = k + 1

For i = 1 to PS

If rand< Pr evolve the ith individual (particle) with PSO:

Change xi according to eqs. (1) and (2); if certain components of xi exceed search bound, set them to the bound

and force corresponding velocity components to be zero; evaluate f(xi); if f(xi) is better than f(pbesti), update

pbesti with xi and let NPSO
s = NPSO

s + 1, otherwise NPSO
f

= NPSO
f

+ 1; and update the nbest of all neighbors

of this individual if the fitness of nbest is improved; // f(·) is the objective function.

Else Evolve the ith individual with DE:

Apply differential mutation within the scope of the personally best positions of all particles, and crossover to

pbesti according to eqs. (3) and (4), to get a trial vector ui; if certain components of ui exceed search bound,

set them to the bound; evaluate f(ui); if f(ui) is better than f(pbesti), update pbesti with ui and let NDE
s

= NDE
s + 1, otherwise NDE

f
= NDE

f
+ 1; and update the nbest of all neighbors of this individual if the fitness of

nbest is improved;

End if

End for

If a learning period is over, make a statistical analysis as follows:

If NPSO
s + NDE

s == 0 // This means neither PSO nor DE makes contribution to fitness improvement.

Set Pr at 0.5; // A fair chance for PSO and DE to be employed

Else Compute the relative success ratio (Pr) of PSO versus DE according to eq. (5);

End if

Set the records NPSO
s , NPSO

f
, NDE

s and NDE
f

at zero;

End if

while termination criteria are not satisfied

a) Instructions for symbols used in this table can be found in sections 1 and 2.
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DEPSO. Note that both TPSO and TDE are usu-

ally much larger than TL since the function evalu-

ation involved in them often contains more time-

consuming computations than the simple statisti-

cal analysis shown in Table 1. In this sense, the

computation complexity of the DEPSO lies be-

tween its parents.

3 Numerical experiments

Four representative multimodal functions which

are chosen from our test suite are used to show

the global optimization performance of proposed

DEPSO. Note that these test functions are of-

ten used as benchmark test suite in numerical

experiments[1−8]. Their expressions are presented

as follows.

1) Schwefel’s function:

f1(x) = 418.98289D −

D
∑

i=1

xi sin(|xi|
0.5),

with x ∈ [−500, 500]D .

2) Rastrigin’s function:

f2(x) =
D
∑

i=1

[x2
i − 10 cos(2πxi) + 10],

with x ∈ [−5.12, 5.12]D .

3) Rotated and shifted Ackley’s function:

f3(x) = 20 + e − 20 exp



−0.2

√

√

√

√

1

D

D
∑

i=1

z2
i





− exp

(

1

D

D
∑

i=1

cos(2πzi)

)

,

with z = (x − o3) ∗ M and x ∈ [−32, 32]D , where

o3 is a randomly generated shift vector located in

[−32, 32]D and M is a D×D dimensional rotation

matrix.

4) Shifted Levy’s function:

f4(x) =
D−1
∑

i=1

(zi − 1)2[1 + sin2(3πzi+1)]

+ sin2(3πz1)+ | zD − 1 | (1 + sin2(2πzD)),

with z = x − o4 + i, i = [1, 1, · · · , 1]D and

x ∈ [−10, 10]D , where o4 is a randomly generated

shift vector located in [−10, 10]D .

The dimension of the above functions (D) is set

at 30. All of the four functions contain large num-

bers of local optima in their landscapes. The op-

timal objective values of these functions for min-

imization are all zero. The algorithms for com-

parison are listed together with settings of their

parameters except population size as follows: 1)

PSO-cf with von Neumann topology (χ = 0.7298,

c1 = c2 = 2.05[1]); 2) DE/rand/1/bin (F = 0.5,

CR = 0.9[2]); 3) DE/rand/1/either-or (F = 0.5,

PF = 0.5[2]; this DE variant is suggested by the

inventors of DE); 4) SADE (its parameter setting

follows that in ref. [6]); 5) SPSO2007 (note that

this algorithm is a recent standard PSO acknowl-

edged by PSO community, available on the Particle

Swarm Central: http://www.particleswarm.info);

6) CLPSO (its parameter setting follows that in

ref. [7]); 7) DEPSO-ZX proposed by Zhang and

Xie (parameter setting follows that in ref. [8],

e.g., CR = 0.1); 8) Our DEPSO (χ = 0.7298,

c1 = c2 = 2.05, CR = 0.1, LP = 50).

For all optimizers, population size takes two

kinds of settings, PS = 30 and PS = 100, which

takes into account the consideration that differ-

ent optimizers may depend on different population

sizes. Meanwhile, our preliminary experiments on

this parameter show that one of the two settings

can result in approximately best search behav-

iors of the above optimizers. The allowable maxi-

mal numbers of function evaluations (NFEmax) for

the optimization of f1, f2, f3 and f4 are 3e+5,

1e+5, 1e+5 and 1e+5, respectively. All optimiz-

ers will run 30 times independently and stop when

NFEmax is reached in each run. The experimen-

tal results in the form of the mean plus standard

deviation of finally discovered best objective val-

ues and also those of running time are presented

in Table 2, and only the results corresponding to

a better population size are reported. The statis-

tical results in Table 2 show the obvious advan-

tage of our DEPSO over other algorithms. In the

optimization of Schwefel’s function (f1) which has

many attractive local optima far apart from its

global optimum[7], the performance of our DEPSO

is similar to that of CLPSO and SADE but much

better than that of the other optimizers. In the

remaining cases, the proposed DEPSO achieves

high-precision global optimization in contrast to

the other optimizers. Besides, this DEPSO does
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Table 2 30-run statistical results of employing eight optimizers to minimize four test functions

Optimizers f1 f2 f3 f4

PSO-cf(von) (2.4e+03)±(9.2e+01) (4.4e+01)±(2.8e+00) (3.3e-06)±(2.6e−07) (2.2e−12)±(5.6e−13)

Run time (s) 16.4±0.0 6.8±0.0 12.8±0.0 10.2±0.0

DE/rand/1/bin (2.9e+03)±(1.9e+02) (2.2e+01)±(1.8e+00) (7.6e−06)±(5.1e−07) (4.1e−11)±(7.5e−12)

Run time (s) 17.6±0.1 7.0±0.0 16.1±0.1 10.7±0.0

DE/rand/1/either-or (1.2e+03)±(1.1e+02) (1.9e+01)±(2.1e+00) (5.1e−04)±(2.7e−05) (3.4e−12)±(2.5e−13)

Run time (s) 15.1±0.0 6.2±0.0 12.3±0.0 9.4±0.0

SADE (8.2e−05)±(2.1e-14) (2.3e−01)±(9.3e−02) (8.8e−07)±(5.7e−08) (1.3e−30)±(6.0e−31)

Run time (s) 29.7±0.4 9.6±0.3 17.9±0.5 14.5±0.2

SPSO2007 (2.8e+03)±(1.4e+02) (4.9e+01)±(8.4e+00) (4.8e−08)±(5.5e−09) (7.8e−16)±(1.5e−16)

Run time (s) 22.2±0.0 8.5±0.0 16.0±0.0 13.1±0.0

CLPSO (8.2e−05)±(2.9e−14) (2.8e+00)±(5.9e−01) (1.3e+01)±(1.7e+00) (3.4e−06)±(6.4e−07)

Run time (s) 15.9±0.3 9.6±0.2 17.8±0.2 11.2±0.2

DEPSO-ZX (7.4e+02)±(4.3e+01) (4.5e−01)±(2.1e−01) (1.1e+00)±(2.7e−01) (1.2e+00)±(8.2e−01)

Run time (s) 16.6±0.1 6.2±0.1 12.9±0.1 10.4±0.1

Our DEPSO (8.2e−05)±(1.6e−14) 0±0 (7.5e−15)±(3.7e−16) (1.3e−31)±0

Run time (s) 19.8±0.0 7.7±0.0 15.1±0.3 11.5±0.0

not cause too much extra computation burden and

it is better in the aspect of time cost than many

competitors such as SADE and SPSO2007, which

agrees with the analysis in section 2. The success

of the novel DEPSO validates the efficiency of the

hybridization strategy based on statistical learning.

4 Conclusion

The novel hybrid optimization algorithm proposed

in this paper is confirmed to have excellent perfor-

mance in the global optimization of complicated

multimodal functions. The proposed DEPSO has

few parameters to be tuned except for its popula-

tion size, so it is robust and easy to use. The sta-

tistical learning adopted in the optimizer leads to

the adaptation of evolution methods which is very

efficient for the hybridization of different optimiz-

ers. Fitter evolution methods at different stages

can be selected online automatically. A further re-

search on the dynamics of the DEPSO and more

detailed experimental results will be provided in a

full paper soon.
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