
Circuits Syst Signal Process (2009) 28: 763–779
DOI 10.1007/s00034-009-9120-9

Delay-Dependent Robust H∞ Filter Design
for Uncertain Linear Systems with Time-Varying Delay

Jian Sun · Jie Chen · G.P. Liu · D. Rees

Received: 21 July 2008 / Revised: 27 October 2008 / Published online: 29 July 2009
© Birkhäuser Boston 2009

Abstract A new delay-dependent robust H∞ filtering design for uncertain linear sys-
tems with time-varying delay is investigated. Two kinds of time-varying delays are
considered. One is differentiable uniformly bounded with a bounded delay deriva-
tive; the other is continuous uniformly bounded. A full-order filter is designed which
ensures the asymptotic stability of the filtering error system and a prescribed level
of H∞ performance for all possible parameters which reside in a given polytope. By
constructing a new Lyapunov functional which contains a triple integral term, new
delay-dependent conditions for the existence of the H∞ filter are derived which are
less conservative than the existing ones. The filter gain can be obtained by solving a
set of linear matrix inequalities (LMIs). Finally, two numerical examples are given to
show the effectiveness and the advantages of the proposed method.
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1 Introduction

In the past few decades, the problem of state estimation has received much attention.
Among these approaches, Kalman filtering is the most popular and is widely applied
in many practical systems. However, this approach is no longer applicable when the
knowledge of the statistics of the external disturbance is not exactly known. To over-
come this drawback, an alternative H∞ filtering approach was proposed in [2, 16].
On the other hand, the time delay is often encountered in many practical systems
such as chemical process systems and networked control systems [12, 13, 25]. And,
it is well known that time delay is always one of the main causes of poor control
performance and instability. So, much attention has been devoted to the study of the
design problem of H∞ filtering for time-delay systems [1, 3–6, 9–11, 15, 17, 18, 21,
22, 24, 26]. Some delay-independent results [1, 17, 18] and delay-dependent results
[5, 6, 10, 11, 15, 21, 22, 24] have been obtained. Since delay-dependent results are
usually less conservative than delay-independent ones, much attention has been paid
to the study of delay-dependent H∞ filtering for time-delay systems. Recently, us-
ing descriptor model transformation combined with Park’s inequalities, some delay-
dependent filtering results have been obtained in [3, 4]. On the basis of a new integral
inequality, robust H∞ filtering for uncertain linear systems with time-varying delay
has been investigated in [26] and numerical examples have illustrated that the ob-
tained results are less conservative than those in [4, 6]. However, such results as in
[26] are still conservative. The chosen Lyapunov functional in [26] is commonly used
in many publications. An integral term,

∫ t

t−τ(t)
xT(s)ETQEx(s) ds, and a double in-

tegral term
∫ 0
−h

∫ t

t+θ
ẋT(s)ETREẋ(s) ds dθ are contained in it. It does not contain

any triple integral terms. It should be noted that Lyapunov functionals containing
triple integral terms have been introduced to derive stability conditions for systems
with discrete and distributed delays [14]. If a type of Lyapunov functional contain-
ing a triple integral term is used to study the H∞ filtering design problem for linear
systems with only discrete delays, then the following questions can be asked: what
results can be obtained and does the introduction of the triple integral term still lead
to less conservative results? These questions motivate this study.

In this paper, new delay-dependent existence conditions for the H∞ filter are es-
tablished by constructing a new Lyapunov functional. This is done by considering
some useful terms when estimating the upper bound on the derivative of the Lya-
punov functional and using the free-weighting matrices method. The obtained condi-
tions are less conservative than the existing ones. Two kinds of time-varying delays
are considered in this study. One is differentiable uniformly bounded with a bounded
delay derivative; the other is continuous uniformly bounded. Finally, two numerical
examples are given to demonstrate the effectiveness of the proposed methods.
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2 Problem Formulation

Consider the following linear system with time-varying delay:

ẋ(t) = A0x(t) + A1x
(
t − d(t)

) + Bω(t)

y(t) = C0x(t) + C1x
(
t − d(t)

) + Dω(t)

z(t) = L0x(t) + L1x
(
t − d(t)

) + Gω(t)

x(t) = φ(t), t ∈ [−h,0]

(1)

where x(t) ∈ Rn is the state vector, y(t) ∈ Rm is the measurement vector, z(t) ∈ Rp

is the signal to be estimated, ω(t) ∈ Rl is the external disturbance signal, φ(t) is a
continuously differentiable initial vector function, and A0, A1, B , C0, C1, D, L0, L1

and G are constant matrices with appropriate dimensions. The system matrices are
partially known parameters. We denote

χ := [A0,A1,B,C0,C1,D,L0,L1,G] ∈ Σ

where Σ is a given convex polyhedral domain, namely,

Σ :=
{

χ(λ) =
q∑

i=1

λiχi;0 ≤ λi ≤ 1,

q∑

i=1

λi = 1

}

(2)

where the q vertices of the polytope are described by

χi = [
A

(i)
0 ,A

(i)
1 ,B(i),C

(i)
0 ,C

(i)
1 ,D(i),L

(i)
0 ,L

(i)
1 ,G(i)

]

It is assumed that the time-varying delay d(t) considered in this study satisfies the
following two cases:

Case 1: d(t) is a differentiable function satisfying

0 ≤ d(t) ≤ h, ḋ(t) ≤ μ (3)

Case 2: d(t) is a continuous function satisfying

0 ≤ d(t) ≤ h (4)

where h and μ are constants.
Consider the following full-order filter:

˙̂x(t) = Af x̂(t) + Bf y(t), x̂(0) = 0

ẑ(t) = Cf x̂(t) + Df y(t)
(5)

where Af , Bf , Cf , and Df are filter parameters with appropriate dimensions to be
determined.
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By defining an augmented state vector η(t) = [xT(t) x̂T(t)]T and ze(t) = z(t) −
ẑ(t), the following augmented system can be obtained:

η̂(t) = Â0η(t) + Â1η
(
t − d(t)

) + B̂ω(t)

ze(t) = Ĉ0η(t) + Ĉ1η
(
t − d(t)

) + D̂ω(t)

η(t) = [
φT(t) 0

]T
, t ∈ [−h,0]

(6)

where

Â0 =
[

A0 0

Bf C0 Af

]

, Â1 =
[

A1 0

Bf C1 0

]

, B̂ =
[

B

Bf D

]

Ĉ0 = [
L0 − Df C0 −Cf

]
, Ĉ1 = [

L1 − Df C1 0
]
, D̂ = G − Df D

On the basis of the above discussion, the H∞ filtering problem considered in this
paper can be defined as follows.

H∞ filtering problem: Given a scalar γ > 0, design a full-order filter of the form
(5) such that the augmented error system (6) with ω(t) = 0 is asymptotically stable
for all the possible parameters lying in the given polytope for all the delays satis-
fying Case 1 or Case 2 and such that the H∞ performance ‖ze(t)‖2 < γ ‖ω(t)‖2 is
guaranteed for all nonzero ω(t) ∈ L2 [0,∞) for a prescribed γ > 0 under zero initial
conditions.

3 Main Results

In this section, some new delay-dependent conditions for the existence of the H∞
filter are derived. The design method of the H∞ filter is also presented.

3.1 H∞ Performance Analysis

For Case 1, the following theorem gives a sufficient condition for the existence of the
H∞ filter of the form (5).

Theorem 1 For given scalars h > 0, γ > 0 and μ, the augmented system (6) is as-
ymptotically stable with the H∞ performance ‖ze(t)‖2 < γ ‖ω(t)‖2 for all the delays
satisfying (3) and for all the parameters that belong to the uncertain polytope (2), if
there exist some matrices

P =
⎡

⎢
⎣

P1 P2 P4

� P3 P5

� � P6

⎤

⎥
⎦ > 0, Q1 > 0, Q2 > 0, Z1 > 0

Z2 > 0, R > 0, X = [Xij ]5×5 ≥ 0
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Y =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Y1

Y2

Y3

Y4

Y5

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, M =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

M1

M2

M3

M4

M5

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, H =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

H1

H2

H3

H4

H5

⎤

⎥
⎥
⎥
⎥
⎥
⎦

with appropriate dimensions such that

Φ(i) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ξ(i) + hX Γ
(i)T

1 hA
(i)T
c Z2

h2

2 A
(i)T
c R h2

2 H

� −I 0 0 0

� � −hZ2 0 0

� � � −h2

2 R 0

� � � � −h2

2 R

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0

∀i = 1,2, . . . , q (7)

Υ
(i)
1 =

⎡

⎢
⎣

X H − Γ
(i)T

2 M

� Z1 0

� � Z2

⎤

⎥
⎦ ≥ 0, ∀i = 1,2, . . . , q (8)

Υ
(i)
2 =

⎡

⎣
X H − Γ

(i)T
2 Y

� Z1 0

� � Z2

⎤

⎦ ≥ 0, ∀i = 1,2, . . . , q (9)

where

Ξ(i) = [
Ξ

(i)
jk

]
5×5

A(i)
c = [

A
(i)
0 0 A

(i)
1 0 B(i)

]

Γ
(i)

1 = [
L

(i)
0 − Df C

(i)
0 −Cf L

(i)
1 − Df C

(i)
1 0 G(i) − Df D(i)

]

Γ
(i)

2 = [
P T

4 A
(i)
0 + P T

5 Bf C
(i)
0 + P6 P T

5 Af P T
4 A

(i)
1 + P T

5 Bf C
(i)
1

−P6 P T
4 B(i) + P T

5 Bf D(i)
]

with

Ξ
(i)
11 = P1A

(i)
0 + A

(i)T
0 P1 + P2Bf C

(i)
0 + C

(i)T
0 BT

f P T
2 + P4 + P T

4

+ Q1 + Q2 + hZ1 + M1 + MT
1 + hH1 + hHT

1

Ξ
(i)
12 = P2Af + A

(i)T
0 P2 + C

(i)T
0 BT

f P3 + P T
5 + MT

2 + hHT
2

Ξ
(i)
13 = P1A

(i)
1 + P2Bf C

(i)
1 − M1 + Y1 + MT

3 + hHT
3

Ξ
(i)
14 = −P4 − Y1 + MT

4 + hHT
4

Ξ
(i)
15 = P1B

(i) + P2Bf D(i) + MT
5 + hHT

5
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Ξ
(i)
22 = P3Af + AT

f P3

Ξ
(i)
23 = P T

2 A
(i)
1 + P3Bf C

(i)
1 − M2 + Y2

Ξ
(i)
24 = −P5 − Y2

Ξ
(i)
25 = P T

2 B(i) + P3Bf D(i)

Ξ
(i)
33 = −(1 − μ)Q2 − M3 − MT

3 + Y3 + Y T
3

Ξ
(i)
34 = −Y3 − MT

4 + Y T
4

Ξ
(i)
35 = −MT

5 + Y T
5

Ξ
(i)
44 = −Q1 − Y4 − Y T

4

Ξ
(i)
45 = −Y T

5

Ξ
(i)
55 = −γ 2I

Proof Construct a Lyapunov functional candidate as

V (xt ) = ζT(t)P ζ(t) +
∫ t

t−h

xT(s)Q1x(s) ds +
∫ t

t−d(t)

xT(s)Q2x(s) ds

+
∫ 0

−h

∫ t

t+θ

xT(s)Z1x(s) ds dθ +
∫ 0

−h

∫ t

t+θ

ẋT(s)Z2ẋ(s) ds dθ

+
∫ 0

−h

∫ 0

θ

∫ t

t+λ

ẋT(s)Rẋ(s) ds dλdθ (10)

where

ζ(t) =
⎡

⎣
x(t)

x̂(t)
∫ t

t−h
x(s) ds

⎤

⎦

Taking the time derivative of V (xt ) along the trajectory of system (6) yields

V̇ (xt ) = 2ζT(t)P ζ̇ (t) + xT(t)(Q1 + Q2 + hZ1)x(t)

− xT(t − h)Q1x(t − h) − (
1 − ḋ(t)

)
xT(

t − d(t)
)
Q2x

(
t − d(t)

)

+ ẋT(t)

(

hZ2 + h2

2
R

)

ẋ(t) −
∫ t

t−h

xT(s)Z1x(s) ds

−
∫ t

t−h

ẋT(s)Z2ẋ(s) ds −
∫ 0

−h

∫ t

t+θ

ẋT(s)Rẋ(s) ds dθ (11)



Circuits Syst Signal Process (2009) 28: 763–779 769

It is easy to see that the following equalities hold:

2ξT(t)M

[

x(t) − x
(
t − d(t)

) −
∫ t

t−d(t)

ẋ(s) ds

]

= 0

(12)

2ξT(t)Y

[

x
(
t − d(t)

) − x(t − h) −
∫ t−d(t)

t−h

ẋ(s) ds

]

= 0

(13)

2ξT(t)H

[

hx(t) −
∫ t−d(t)

t−h

x(s) ds −
∫ t

t−d(t)

x(s) ds −
∫ 0

−h

∫ t

t+θ

ẋ(s) ds dθ

]

= 0

(14)

hξT(t)Xξ(t) −
∫ t

t−d(t)

ξT(t)Xξ(t) ds −
∫ t−d(t)

t−h

ξT(t)Xξ(t) ds = 0

(15)

where ξT(t) = [xT(t) x̂T(t) xT(t − d(t)) xT(t − h) ωT(t)]. And,

−2ξT(t)H

∫ 0

−h

∫ t

t+θ

ẋ(s) ds dθ

≤ 1

2
h2ξT(t)HR−1HTξ(t) +

∫ 0

−h

∫ t

t+θ

ẋT(s)R1ẋ(s) ds dθ (16)

Adding the left sides of (12)–(15) into V̇ (xt ) and applying (16) yields

V̇ (xt ) − γ 2ωT(t)ω(t) + zT
e (t)ze(t)

≤ ξT(t)

[

Ξ + hX + Γ T
1 Γ1 + hAT

c Z2Ac + h2

2
AT

c RAc + h2

2
HR−1HT

]

ξ(t)

−
∫ t

t−τ(t)

ξT(t, s)Υ1ξ(t, s) ds −
∫ t−τ(t)

t−h

ξT(t, s)Υ2ξ(t, s) ds (17)

By Schur complements, (7) implies Ξ + hX + Γ T
1 Γ1 + hAT

c Z2Ac + h2

2 AT
c RAc +

h2

2 HR−1HT < 0 over the entire uncertain domain Σ . Clearly, (7)–(9) guarantee

V̇ (t) − γ 2ωT(t)ω(t) + zT
e (t)ze(t) < 0 over the entire uncertain domain Σ . This also

implies that augmented system (6) is asymptotically stable with ω(t) = 0.
It can also be seen that

∫ ∞

0

[
zT
e (t)ze(t) − γ 2ωT(t)ω(t)

]
dt ≤ V (t)|t=0 − V (t)|t→∞

under the zero initial condition, V (t)|t=0 = 0, one can obtain
∫ ∞

0

[
zT
e (t)ze(t) − γ 2ωT(t)ω(t)

]
dt < 0

which implies ‖ze(t)‖2 < γ ‖ω(t)‖2. This completes the proof. �
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Remark 1 Unlike the Lyapunov functionals in the existing literature [1, 3–11, 15, 17,
18, 21, 22, 24, 26], the one introduced in this paper contains a triple integral term,
that is,

∫ 0
−h

∫ 0
θ

∫ t

t+λ
ẋT(s)Rẋ(s) ds dλdθ . In order to estimate the upper bound of the

derivative of the new Lyapunov functional, (14) and (16) are introduced.

For Case 2, a similar result is concluded in the following theorem.

Theorem 2 For given scalars h > 0 and γ > 0, the augmented system (6) is asymp-
totically stable with the H∞ performance ‖ze(t)‖2 < γ ‖ω(t)‖2 for all the delays
satisfying (4) and for all the parameters that belong to the uncertain polytope (2), if
there exist some matrices

P =
⎡

⎣
P1 P2 P4

� P3 P5

� � P6

⎤

⎦ > 0, Q1 > 0, Z1 > 0, Z2 > 0, R > 0

X = [Xij ]5×5 ≥ 0, Y =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Y1

Y2

Y3

Y4

Y5

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, M =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

M1

M2

M3

M4

M5

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, H =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

H1

H2

H3

H4

H5

⎤

⎥
⎥
⎥
⎥
⎥
⎦

with appropriate dimensions such that

Φ̃(i) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ξ̃ (i) + hX Γ
(i)T

1 hA
(i)T
c Z2

h2

2 A
(i)T
c R h2

2 H

� −I 0 0 0

� � −hZ2 0 0

� � � −h2

2 R 0

� � � � −h2

2 R

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0

∀i = 1,2, . . . , q (18)

Υ
(i)
1 =

⎡

⎣
X H − Γ

(i)T
2 M

� Z1 0

� � Z2

⎤

⎦ ≥ 0, ∀i = 1,2, . . . , q (19)

Υ
(i)
2 =

⎡

⎣
X H − Γ

(i)T
2 Y

� Z1 0

� � Z2

⎤

⎦ ≥ 0, ∀i = 1,2, . . . , q (20)

where

Ξ̃ (i) = [
Ξ̃jk

]
5×5

Ξ̃
(i)
11 = Ξ

(i)
11 − Q2

Ξ̃
(i)
33 = Ξ

(i)
33 + (1 − μ)Q2
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where Ξ̃jk , 1 ≤ j ≤ k ≤ 5, (j, k) 	= (1,1) or (3,3), Γ
(i)

1 , Γ
(i)

2 , A
(i)
c are the same as

those defined in Theorem 1.

Proof Choose a Lyapunov functional candidate as

V (xt ) = ζT(t)P ζ(t) +
∫ t

t−h

xT(s)Q1x(s) ds +
∫ 0

−h

∫ t

t+θ

xT(s)Z1x(s) ds dθ

+
∫ 0

−h

∫ t

t+θ

ẋT(s)Z2ẋ(s) ds dθ +
∫ 0

−h

∫ 0

θ

∫ t

t+λ

ẋT(s)Rẋ(s) ds dλdθ (21)

Following a line similar to that of Theorem 1, the proof can be completed. �

Remark 2 If we let P4 = 0, P5 = 0, M4 = 0, H = 0, Y = 0, P6 = ε1I , Z1 = ε2I ,
Q1 = ε3I , and R = ε4I with εi > 0, i = 1,2,3,4 being some sufficient small scalars,
Theorem 2 yields an equivalent form of Corollary 5 in [26]. The proof can be com-
pleted following a similar procedure as in [23] and is omitted here. Therefore, these
variables can provide extra freedom in Theorem 2. It may be expected that Theorem 2
is less conservative than Corollary 5 in [26].

3.2 H∞ Filter Design

In the following part, the method of the design of the filer parameters {Af ,Bf ,

Cf ,Df } is developed. These parameters can be obtained by solving a set of linear
matrix inequalities (LMIs). For Case 1, the following theorem is obtained.

Theorem 3 For given scalars h > 0, γ > 0, μ and ε, an H∞ filter of the form (5)
for system (1) exists if there exist matrices P1 > 0, P6 > 0, T > 0, Q1 > 0, Q2 > 0,
Z1 > 0, Z2 > 0, R > 0, P4, Nj , j = 1,2,3,4, X̂ = [X̂ij ]5×5 ≥ 0,

Y =

⎡

⎢
⎢
⎢
⎢
⎣

Y1

Ŷ2

Y3

Y4

Y5

⎤

⎥
⎥
⎥
⎥
⎦

, M =

⎡

⎢
⎢
⎢
⎢
⎣

M1

M̂2

M3

M4

M5

⎤

⎥
⎥
⎥
⎥
⎦

, H =

⎡

⎢
⎢
⎢
⎢
⎣

H1

Ĥ2

H3

H4

H5

⎤

⎥
⎥
⎥
⎥
⎦

with appropriate dimensions such that
⎡

⎣
P1 − T 0 P4 − εT

� T εT

� � P6

⎤

⎦ > 0 (22)

Θ(i) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ω(i) + hX̂ Λ
(i)T
1 hA

(i)T
c Z2

h2

2 A
(i)T
c R h2

2 H

� −I 0 0 0

� � −hZ2 0 0

� � � −h2

2 R 0

� � � � −h2

2 R

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0

∀i = 1,2, . . . , q (23)
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Π
(i)
1 =

⎡

⎣
X̂ H − Λ

(i)T
2 M

� Z1 0

� � Z2

⎤

⎦ ≥ 0, ∀i = 1,2, . . . , q (24)

Π
(i)
2 =

⎡

⎢
⎣

X̂ H − Λ
(i)T
2 Y

� Z1 0

� � Z2

⎤

⎥
⎦ ≥ 0, ∀i = 1,2, . . . , q (25)

where

Ω(i) = [
Ω

(i)
jk

]
5×5

A(i)
c = [

A
(i)
0 0 A

(i)
1 0 B(i)

]

Λ
(i)
1 = [

L
(i)
0 − N4C

(i)
0 − N3 L

(i)
1 − N4C

(i)
1 0 G(i) − N4D

(i)
]

Λ
(i)
2 = [

P T
4 A

(i)
0 + εN2C

(i)
0 + P6 εN1 P T

4 A
(i)
1 + εN2C

(i)
1

−P6 P T
4 B(i) + εN2D

(i)
]

with

Ω
(i)
11 = P1A

(i)
0 + A

(i)T
0 P1 + N2C

(i)
0 + C

(i)T
0 NT

2 + P4 + P T
4 + Q1 + Q2 + hZ1

+ M1 + MT
1 + hH1 + hHT

1

Ω
(i)
12 = N1 + A

(i)T
0 T + C

(i)T
0 NT

2 + εT + M̂T
2 + hĤT

2

Ω
(i)
13 = P1A

(i)
1 + N2C

(i)
1 − M1 + Y1 + MT

3 + hHT
3

Ω
(i)
14 = −P4 − Y1 + MT

4 + hHT
4

Ω
(i)
15 = P1B

(i) + N2D
(i) + MT

5 + hHT
5

Ω
(i)
22 = N1 + NT

1

Ω
(i)
23 = T A

(i)
1 + N2C

(i)
1 − M̂2 + Ŷ2

Ω
(i)
24 = −εT − Ŷ2

Ω
(i)
25 = T B(i) + N2D

(i)

Ω
(i)
33 = −(1 − μ)Q2 − M3 − MT

3 + Y3 + Y T
3

Ω
(i)
34 = −Y3 − MT

4 + Y T
4

Ω
(i)
35 = −MT

5 + Y T
5

Ω
(i)
44 = −Q1 − Y4 − Y T

4

Ω
(i)
45 = −Y T

5

Ω
(i)
55 = −γ 2I
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and the filter parameters are given by Af = N1T
−1, Bf = N2, Cf = N3T

−1,
Df = N4.

Proof Since (22) implies T > 0, there always exists a nonsingular matrix P2 and a
matrix P3 > 0 such that T = P2P

−1
3 P T

2 . Define J = P2P
−1
3 and P5 = εP T

2 , pre- and
post-multiply both sides of (7) with diag{I, J, I, I, I, I, I, I, I } and its transpose,
pre- and post-multiply both sides of (8)–(9) with diag{I, J, I, I, I, I, I } and
its transpose, and introduce new variables N1 = P2Af P −1

3 P T
2 , N2 = P2Bf , N3 =

Cf P −1
3 P T

2 , N4 = Df , M̂2 = P2P
−1
3 M2, Ŷ2 = P2P

−1
3 Y2, Ĥ2 = P2P

−1
3 H2,

X̂ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

I 0 0 0 0

0 J 0 0 0

0 0 I 0 0

0 0 0 I 0

0 0 0 0 I

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

X

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

I 0 0 0 0

0 J T 0 0 0

0 0 I 0 0

0 0 0 I 0

0 0 0 0 I

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

then (23)–(25) will be obtained.
Pre- and post-multiplying both sides of

⎡

⎢
⎣

P1 P2 P4

� P3 P5

� � P6

⎤

⎥
⎦ > 0 with

⎡

⎢
⎣

I −J 0

0 J 0

0 0 I

⎤

⎥
⎦

and its transpose, one can obtain (22) directly.
It is easy to see that the filter of the form (5) with Af = P −1

2 N1T
−1P2, Bf =

P −1
2 N2, Cf = N3T

−1P2, Df = N4 can guarantee that the augmented system (6) is
asymptotically stable with the H∞ performance ‖ze(t)‖2 < γ ‖ω(t)‖2.

The filter transfer function from y(t) to ẑ(t) can be obtained by

Tẑy = Cf (sI − Af )−1Bf + Df

= N3T
−1P2

(
sI − P −1

2 N1T
−1P2

)−1
P −1

2 N2 + N4

= N3T
−1(sI − N1T

−1)−1
N2 + N4

So, the filter parameters are given by Af = N1T
−1, Bf = N2, Cf = N3T

−1,
Df = N4. This completes the proof. �

For Case 2, a similar result is obtained in the following theorem.

Theorem 4 For given scalars h > 0, γ > 0, and ε, an H∞ filter of the form (5) for
system (1) exists if there exist matrices P1 > 0, P6 > 0, T > 0, Q1 > 0, Z1 > 0,
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Z2 > 0, R > 0, P4, Nj , j = 1,2,3,4, X̂ = [X̂ij ]5×5 ≥ 0,

Y =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Y1

Ŷ2

Y3

Y4

Y5

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, M =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

M1

M̂2

M3

M4

M5

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, H =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

H1

Ĥ2

H3

H4

H5

⎤

⎥
⎥
⎥
⎥
⎥
⎦

such that
⎡

⎣
P1 − T 0 P4 − εT

� T εT

� � P6

⎤

⎦ > 0 (26)

Θ̃(i) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ω̃(i) + hX̂ Λ
(i)T
1 hA

(i)T
c Z2

h2

2 A
(i)T
c R h2

2 H

� −I 0 0 0

� � −hZ2 0 0

� � � −h2

2 R 0

� � � � −h2

2 R

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0

∀i = 1,2, . . . , q (27)

Π̃
(i)
1 =

⎡

⎣
X̂ H − Λ

(i)T
2 M

� Z1 0

� � Z2

⎤

⎦ ≥ 0, ∀i = 1,2, . . . , q (28)

Π̃
(i)
2 =

⎡

⎣
X̂ H − Λ

(i)T
2 Y

� Z1 0

� � Z2

⎤

⎦ ≥ 0, ∀i = 1,2, . . . , q (29)

where

Ω̃(i) = [
Ω̃

(i)
jk

]
5×5

Ω̃
(i)
11 = Ω

(i)
11 − Q2

Ω̃
(i)
33 = Ω

(i)
33 + (1 − μ)Q2

and Ω̃jk , 1 ≤ j ≤ k ≤ 5, (j, k) 	= (1,1) or (3,3), Λ
(i)
1 , Λ

(i)
2 , A

(i)
c are the same

as those defined in Theorem 3. The filter parameters are given by Af = N1T
−1,

Bf = N2, Cf = N3T
−1, Df = N4.

Remark 3 A tuning parameter ε is involved in Theorems 3 and 4. Similar to [27], a
tuning procedure for ε is presented. Choose a cost function to be f (ε) = tmin. The
parameter tmin is obtained by solving the feasibility problem using an LMI toolbox.
Then, apply a numerical optimization algorithm, such as fminsearch in the optimiza-
tion toolbox of MATLAB, to f (ε) = tmin and a locally convergent feasible solution
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will be obtained. If the resulting minimum value of the cost function is negative, then
an appropriate tuning parameter ε is found. Some numerical examples have shown
that ε = 0 may often yield a satisfactory result.

4 Numerical Examples

In this section, two numerical examples are given to show the effectiveness and ad-
vantage of the proposed method.

Example 1 Consider system (1) with

A0 =
[

0 2

−1 −2

]

, A1 =
[−0.1 0

0.2 −0.1

]

, B =
[0

1

]

, C0 = [ 1 0 ]

C1 = [ 0 1 ] , L0 = [ 1 2 ] , L1 = [ 0 1 ] , D = 1, G = 0

The objective is to calculate the minimum H∞ performance γmin when the delay is
bounded by 1, that is, h = 1. Results compared with those in [26] are listed in Table 1
for different values of μ or unknown μ.

On the other hand, the upper bound on the delay can be obtained if the γ is pre-
scribed. Setting γ = 0.5, the upper bounds on the delay for different values of μ or
unknown μ are listed in Table 2.

From these two tables, it can be seen that our method can lead to a much less
conservative result. For γ = 0.6123, h = 1, μ = 0.5, the filter gains can be obtained
as

Af =
[−1.4604 1.9599

−1.8094 −0.6524

]

, Bf =
[−0.3680

−1.5530

]

Cf = [−0.1700 −0.9414 ] , Df = 0.2723

For the purpose of simulation, the external disturbance signal is assumed to be
ω(t) = 1

t3+1
. The estimation error of z(t) is shown in Fig. 1. It can be seen that

Table 1 Minimum H∞ performance γmin for different μ with h = 1

μ 0.1 0.3 0.5 0.7 0.9 Unknown

Zhang and Han [26] 0.5278 0.5742 0.6362 0.7295 0.8893 1.0001

Our results 0.5003 0.5477 0.6123 0.6778 0.6872 0.6872

Table 2 Maximum upper bound h for different μ with γ = 0.5

μ 0.1 0.3 0.5 0.7 0.9 Unknown

Zhang and Han [26] 0.8369 0.6655 0.5584 0.5019 0.4826 0.4819

Our results 0.9987 0.7997 0.6972 0.6772 0.6772 0.6672
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Fig. 1 Estimation error of z(t)

for γ = 0.6123, h = 1, μ = 0.5

Table 3 Maximum upper bound h for different μ with γ = 5

μ 0.2 0.4 0.6 0.8 Unknown

Gao and Wang [6] 0.4213 0.3054 0.1944 0.0923 –

Zhang and Han [26] 0.6174 0.5765 0.5344 0.4894 0.4420

Our results 0.6521 0.6393 0.6366 0.6366 0.6366

the error system is asymptotically stable, which illustrates the effectiveness of the
proposed method in this paper.

Example 2 Consider system (1) with

A0 =
[−2 0

0 −0.7 + ρ(t)

]

, A1 =
[−1 −1 + σ(t)

−1 −1

]

, B =
[−0.5

2

]

C0 = [ 0 1 ] , C1 = [ 1 2 ] , L0 = [ 2 1 ]

L1 = [ 0 0 ] , D = 1, G = 0

The uncertain parameters satisfy |ρ(t)| ≤ 0.2 and |σ(t)| ≤ 0.5.
Assume that the time-varying delay satisfies Case 1. In order to compare with the

results in [5, 26], Df is assumed to be 0. Applying Theorem 1, the maximum delay
bound, h, can be obtained for different values of μ, under a given H∞ performance
γ = 5. The results compared with those obtained in [5, 26] are listed in Table 3. On
the other hand, the minimum achievable value of γ can be calculated for a given
h = 0.44. Table 4 lists the results compared with those obtained in [5, 26]. It can
be seen that our method can lead to much bigger maximum delay bounds when the
performance level γ is given. On the other hand, our method can lead to a much
smaller performance level γ when the delay bound is given.
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Table 4 Minimum H∞ performance γmin for different μ with h = 0.44

μ 0.2 0.4 0.6 0.8 Unknown

Gao and Wang [6] 5.9416 – – – –

Zhang and Han [26] 1.6631 1.7819 2.0104 2.4557 4.2334

Our results 1.4419 1.4419 1.4419 1.4419 1.4419

Fig. 2 Estimation error of z(t)

for γ = 5, h = 0.6366, μ = 0.8

For γ = 5, h = 0.6366, μ = 0.8, the filter gains can be obtained as

Af = 104 ∗
[−0.8622 −2.5342

−0.4341 −1.2766

]

, Bf =
[

2.0740

−0.9429

]

Cf = 104 ∗ [−0.4326 −1.2719 ]

For the purpose of simulation, the external disturbance signal is assumed to be

ω(t) =
{

1, 2 ≤ t ≤ 4

0, otherwise

The estimation error of z(t) is shown as in Fig. 2. It can be seen that the error system is
asymptotically stable, which demonstrates the effectiveness of the proposed method
in this paper.

5 Conclusions

The problem of H∞ filtering for systems with time-varying delay and polytopic un-
certainties has been investigated in this paper. Two kinds of time delays have been
considered and new sufficient conditions for the existences of the H∞ filters have
been derived in terms of LMIs on the basis of introducing a new Lyapunov functional.
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A filter design method has also been proposed. Numerical examples have shown that
the method proposed in this paper is effective and can lead to less conservative results.

This paper has only considered the asymptotical stability of the error state system.
The exponential stability problem will be a future research topic. It should be noted
that our method can be extended to more general systems such as nonlinear and/or
stochastic systems with distributed delays, and the results reported in [14, 19, 20]
may be beneficial to further investigations.
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