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SUMMARY

In this paper, we proposed an on-line parameter estimation algorithm for a class of time-varying continuous
systems with bounded disturbance. In this method, a novel polynomial approximator with a bounded
regressor vector is constructed and utilized to approximate the time-varying parameters. The direct least-
squares algorithm is employed to acquire the on-line estimates, so that several useful properties of the
direct estimation, such as fast convergence and robustness to the bounded disturbance, are reflected in
our method. We have proved that the estimation error of this method is bounded. Furthermore, the bound
on the Euclidean norm of the estimation error is derived. The simulation results demonstrate that this
method can provide accurate estimates of time-varying parameters even under the influence of bounded
disturbance. Copyright � 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION

On-line parameter estimation is an important issue in many fields, such as adaptive control [1, 2]
and fault detection [3]. Many methods of on-line parameter estimation have been proposed [4].
However, most of them are only applicable to the plants with constant parameters. When the plant
is time-varying, most parameter estimation algorithms, e.g. the traditional recursive least-squares
algorithm and the traditional gradient algorithm, will fail in their properties including consistency
and convergence of the estimation error.

By introducing a forgetting factor in the stochastic gradient algorithm, the resulting stochastic
gradient algorithm with the forgetting factor can not only improve the accuracy of the parameter
estimates for time-invariant systems, but also track the time-varying parameters for time-varying
systems [5–11]. Specifically, both the hierarchical stochastic gradient algorithm with the forgetting
factor [5] and the multi-innovation stochastic gradient algorithm with the forgetting factor [6] can
track the time-varying parameters, so can the auxiliary model-based stochastic gradient algorithm
with a forgetting factor for dual-rate or multivariable systems [7–9].

Besides the utilization in gradient algorithms, the exponential forgetting is also a very useful
technique to improve the performance of the least-squares estimation in dealing with time-varying
parameters [12]. In [10], the forgetting factor is adopted by the auxiliary model-based recursive
least-squares algorithm, so that the estimation of the time-varying parameters for time-varying
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ON-LINE PARAMETER ESTIMATION FOR TIME-VARYING SYSTEMS 19

systems with missing data can be achieved. The parameter estimation error bounds of the forgetting
factor least-squares algorithm is derived in [11, 13] and the method of choosing the best forgetting
factor is given. It has been demonstrated that the estimation error bounds are not only related to
the covariance of noise and the parameter changing rates, but also the choice of forgetting factor.
In [14], a comparative study with respect to the performance and robustness between recursive
and direct least-squares estimation algorithms is presented. The direct least-squares algorithms are
shown to exhibit better robustness and performance properties than its recursive counterparts.

In fact, all the aforementioned least-squares methods assume that the parameter estimates are
constant during the least-square cost function evaluation. In [15], a time-related polynomial is used
to approximate the time-varying parameters, and local regression is utilized in the recursive least-
squares estimation. It is shown via simulation results that this method can reduce the estimation error
when dealing with time-varying sampled-data systems. In [16, 17], the time-varying parameters
are approximated by the linear combination of certain previously known functions of time. In
[18, 19], the Taylor expansion is employed to construct the approximator for the time-varying
parameters, and the resetting scheme is applied in the least-squares estimation for the continuous
system. Besides the gradient and least-squares approaches, other approaches to the time-varying
parameter estimation include the sub-space identification [20], the kernel identification [21] and
the variable structure system theory [22].

In this paper, we proposed a novel on-line estimation method for the time-varying continuous
system. The reason for us to consider the continuous system is that, most physical laws are
given in the continuous-time domain, and the continuous-time model is widely used in control
applications [23]. In this method, a novel polynomial approximator with a bounded regressor
vector is constructed and utilized to approximate the time-varying parameters; the direct least-
squares algorithm is employed to acquire the on-line estimates, so that several useful properties
of the direct estimation, such as fast convergence and robustness to the bounded disturbance,
are reflected in our method. Unlike [18, 19], this method does not need to reset the covariance
matrix and the initial value of the estimate at the beginning of each small time interval. Hence,
the computation of this method is less complicated than that of [18, 19]. We have proved that the
estimation error of this method is bounded. Furthermore, the bound on the Euclidean norm of
the estimation error is derived.

This paper is organized as follows. The problem to be studied is formulated in Section 2.
The parameter estimation method is proposed in Section 3. We analyzed the performance of our
method in Section 4, and then gave some simulation results in Section 5. Finally, the conclu-
sions are made in Section 6.

2. PROBLEM FORMULATIONS

2.1. Preliminaries

Before stating the problem, certain definitions of norms that, will be used in this paper are introduced
here.

Definition 1 (Vector norms)
If v is a possibly time-varying vector, then

(i) ‖v(t)‖ is the Euclidean norm of v(t) at time t .
(ii) ‖v(t)‖∞ =sup0�t ‖v(t)‖.

Definition 2 (Matrix norm)
If B is an m×n matrix, then ‖B‖F is the Frobenius norm of B and defined as

‖B‖F =
(

m∑
i=1

n∑
j=1

|bij|2
)1/2

,

where bij is the element of B in its i th row and j th column.
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20 J. CHEN, G. ZHANG AND Z. LI

The Frobenius norm has the following property.

Property 1
If v∈ Rn×1 and B ∈ Rm×n , then we have ‖Bv‖�‖B‖F ‖v‖.

2.2. Problem statements

In this paper, we consider the time-varying system given in the linearly parameterized form as
follows:

ẋ1 = x2

...

ẋn−1 = xn

ẋn =�T(t)�(x)+u(t)+d(t),

(1)

where x = [x1, x2, . . . , xn]T ∈ Rn×1 is the state vector, �(t)= [�1(t),�2(t), . . . ,�m(t)]T ∈ Rm×1 is the
unknown time-varying parameter vector, �(x)= [�1(x),�2(x), . . . ,�m(x)]T ∈ Rm×1 is the regressor
vector, whose elements are previously known functions of the states, u(t) is the control input, d(t)
is the external disturbance. The following assumptions are made for system (1).

Assumption 1
All the states x1, x2, . . . , xn are available.

Assumption 2
The disturbance d and the regressor vector � are bounded, moreover,

‖d‖∞ =�d , ‖�‖∞ =��. (2)

Assumption 3
The time-varying parameters �i (i =1, . . . ,m) and their first ki th order derivatives are smooth and
bounded, furthermore,

‖�( j)
i ‖∞ =�ij, i =1,2, . . . ,m, j =0,1, . . . ,ki . (3)

On the above assumptions, the problem addressed in this paper can be stated as follows: For the
system (1) satisfying Assumption 1–3, estimate the time-varying parameters �1(t),�2(t), . . . ,�m(t)
on-line according to the available data including the states x1, x2, . . . , xn and input u,
so that the parameter estimate �̂(t)= [�̂1(t),�̂2(t), . . . , �̂m(t)]T approach to �(t) as closely
as possible.

3. ON-LINE ESTIMATION OF TIME-VARYING PARAMETERS

3.1. Model transformation

In order to estimate the parameters, we first need to construct an error equation linear in the
unknown parameters. By filtering both sides of the last equation of system (1) with a low-pass
filter F(s)=�/(s+�), and omitting the zero input response of the filter, we have

�s

s+�
[xn]=

m∑
i=1

�

s+�
[�i (t)�i (x)]+ �

s+�
[u]+ �

s+�
[d].
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According to the swapping lemma [24], we obtain

�

(
xn − �

s+�
[xn]

)
=

m∑
i=1

�

s+�
[�i (x)]�i (t)+ �

s+�
[u]

−
m∑

i=1

1

s+�

[
�

s+�
[�i (x)]�̇i (t)

]
+ �

s+�
[d],

which yields

z(t)=�T
f (x(t))�(t)+dt , (4)

where

z = �

(
xn − �

s+�
[xn]

)
− �

s+�
[u],

� f =
[

�

s+�
[�1],

�

s+�
[�2], . . . ,

�

s+�
[�m]

]T

,

dt = −
m∑

i=1

1

s+�

[
�

s+�
[�i ]�̇i (t)

]
+ �

s+�
[d].

(5)

According to Assumption 2, it is easy to verify that � f and dt are, respectively, bounded by

‖� f ‖∞���, ‖dt‖∞��t , (6)

where

�t =
1

�
��

√∑m
i=1 �2

i1 +�d .

From the definition of �t , we can find that if � is set to be sufficiently large, then �t will be very
close to �d . However, if � is too large, the noise and external disturbance may pass through the
filter without adequate attenuation, and influence the accuracy of parameter estimates. Thus, the
value of � should be selected properly.

3.2. Polynomial approximation of time-varying parameters

Motivated by the representation of time-varying parameters in [18], where the Taylor expansion is
utilized, we proposed a novel representation based on polynomial approximation in this subsection.
As we know, any smooth function f (t) can be expanded by the Taylor formula as follows [25]:

f (t) = f (t0)+ f (1)(t0)(t − t0)+ f (2)(t0)

2!
(t − t0)2

+·· ·+ f (k)(t0)

k!
(t − t0)k + Rk(t), (7)

where Rk(t) is the Lagrange remainder given as

Rk(t)= f (k+1)(�)

(k+1)!
(t − t0)k+1, t0���t.

If t0 is sufficiently close to t and k is large enough, then Rk would be adequately small. Therefore,
we can use a finite number of terms in the right-hand side of (7), i.e.

f̂ (t)= f (t0)+ f (1)(t0)(t − t0)+·· ·+ f (k)(t0)

k!
(t − t0)k,
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22 J. CHEN, G. ZHANG AND Z. LI

to approximate the smooth function f (t). Obviously, f̂ (t) can be rewritten in the following poly-
nomial form:

f̂ (t)=a0 +a1(t − tr (t))+·· ·+ak(t − tr (t))k (8)

with

tr (t)=T0 ·floor(t/T0), T0>0,

where floor(t/T0) is the greatest integer less than or equal to t/T0; and a0,a1, . . . ,ak are coefficients
dependent on t0, tr , and f (i)(t0) (i =0, . . . ,k). The motivation for us to introduce the function tr (t)
is to assure the boundedness of the terms in (8). It is easy to verify that |t − tr (t)|�T0, thus all the
terms in the right-hand side of (8) are always bounded if a0,a1, . . . ,ak are bounded. Furthermore,
if there are certain bounded perturbations in the coefficients a0,a1, . . . ,ak , the estimate error of
f̂ (t) will be also bounded. Hence, this approximator f̂ (t) is not sensitive to the perturbations of
its coefficients. Since Rk can be made arbitrarily small by selecting k and t0 in (7) properly, the
polynomial f̂ (t) is able to approximate f (t) with sufficiently high precision.

Define a vector Li as

Li (•)= [1,•, . . . ,•ki ]T ∈ R(ki +1)×1.

Noting that �i (t), i =1,2, . . . ,m, are smooth functions of t , from the above deduction and the
definition of Li , we know that �i (t) can be approximated by �̂i (�i , t), which is given as:

�̂i (�
i , t) = [1, t − tr (t), . . . , (t − tr (t))ki ]

⎡
⎢⎢⎢⎢⎢⎢⎣

�i
0

�i
1

...

�i
ki

⎤
⎥⎥⎥⎥⎥⎥⎦

:= LT
i (t − tr (t))�i , (9)

where �i = [�i
0, . . . ,�i

ki
]T is the possibly time-varying parameter vector; ki is the order of the

polynomial approximator for �i . It is easy to check that �̂i can approximate �i with arbitrarily
small error, if the order number ki is sufficiently large. Define the parameter estimate �̂ as �̂=
[�̂1, �̂2, . . . , �̂m]T and the estimation error �̃ as �̃=�− �̂. Noting (9), we have

�̂(�, t)=�(t)�, (10)

where

�(t)=

⎡
⎢⎢⎢⎢⎢⎣

LT
1 (t − tr (t))

LT
2 (t − tr (t))

· · ·
LT

m(t − tr (t))

⎤
⎥⎥⎥⎥⎥⎦∈ Rm×(k1+k2+···+km+m)

and

�=

⎡
⎢⎢⎢⎢⎢⎢⎣

�1

�2

...

�m

⎤
⎥⎥⎥⎥⎥⎥⎦

∈ R(k1+k2+···+km+m)×1. (11)
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From (10), we know that

�T
f (t)�̂(�, t)= AT(t)�, (12)

where

AT(t) :=�T
f (t)�(t)∈ R1×(k1+k2+···+kn+m).

Our aim is to search for the proper value of � on-line, so that �̃ would be made as small as
possible in certain sense.

3.3. Direct least-squares estimation

As is indicated in [14], the direct least-squares estimation is more robust than the recursive least-
squares estimation. Moreover, its parameter estimates can converge to the optimal value in a finite
time [26]. Therefore, we use direct least-squares method rather than its recursive counterpart in
the estimation of time-varying parameters.

In order to estimate time-varying parameters, the following quadratic cost function is
employed:

J (�, t)=
∫ T

t ′
(z(�)− AT(�)�)2d�, (13)

with

t ′ =max(t −T, tr (t)), (14)

where T >0 represents the maximum length of the sliding window for integration. From the
definition of t ′, it is easy to check that |t − t ′|�T . For the following deduction, we define matrixes
R(t) and Q(t) as

R(t) =
∫ t

t ′
A(�)AT(�)d�, (15)

Q(t) =
∫ t

t ′
A(�)z(�)d�. (16)

Based on the cost function J (�, t), the optimal value of � which makes J (�, t) minimum can
be deduced, as is shown in Theorem 1.

Theorem 1
Consider the time-varying system (1) which satisfies Assumption 1–3. For any time instant t
satisfying det(R(t))�ε0>0, the estimate �(t) acquired by �(t)= R(t)−1 Q(t) has the following
properties:

(i) �(t) minimizes the cost function J .
(ii) The corresponding cost function J (�(t), t) is bounded by J (�(t), t)�ε1, where

ε1 =2�2
�

m∑
i=1

�2
i,ki+1

T 2ki +3

[(ki +1)!]2
+2�2

t T .

Proof
See the Appendix A. �

According to the results in Theorem 1, an on-line parameter estimation algorithm for the time-
varying system is developed and given as follows.
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Algorithm 1
Let the matrix R0(t) and the vector Q0(t) be defined as follows:

Ṙ0(t) = A(t)AT(t),

Q̇0(t) = A(t)z(t),
(17)

with R0(0)=0 and Q0(0)=0. Compute R(t) and Q(t) according to the following equation:

R(t)= R0(t)− R0(t ′),

Q(t)= Q0(t)− Q0(t ′),
(18)

where t ′ =max(t −T, tr ). Then, �(t) is obtained by

�(t)=
⎧⎨
⎩

R(t)−1 Q(t) if det(R)�ε0>0,

lim
�→t−0

�(�) else.
(19)

Finally, the parameter estimate �̂(t) is obtained by Equation (10).

Remark 1
In Equation (19), ε0 is regarded as a threshold value of det(R), which equals to the product of
all eigenvalues of R. It should be noted that if ε0 is too close to zero, the matrix R might be
ill-condition. The purpose for us to set the threshold ε0 is to avoid numerical problems when
calculating R−1. On the other hand, Equation (19) indicates that the value of �(t) would not change
if det(R)<ε0. If ε0 is set to be too large, then �(t) would be frequently kept unchanged, which
might lead to large estimation error of �̂. Therefore, the value of ε0 should be properly set.

4. PERFORMANCE ANALYSIS

In order to evaluate the performance of the proposed method, some theoretical analysis is done.
Before giving the main results, some quantities that will be used in the following deduction are
defined here. First, we define a vector �∗ as �∗ = [�∗

1,�
∗
2, . . . ,�∗

m]T, where

�∗
i (t,�) :=�i (t)+�

(1)

i (t)(�− t)+ �
(2)

i (t)

2!
(�− t)2 +·· ·+ �

(k)

i (t)

ki !
(�− t)ki . (20)

Define �∗ as

�∗ =

⎡
⎢⎢⎢⎢⎢⎢⎣

�∗1

�∗2

...

�∗m

⎤
⎥⎥⎥⎥⎥⎥⎦

∈ R(k1+k2+···+km+m)×1, (21)

where �∗i = [�∗i
0 ,�∗i

1 , . . . ,�∗i
ki

]T, which satisfies

LT
i (�− tr (�))�∗i (t)=�∗

i (t,�) ∀�∈ [t ′, t]. (22)

It should be noted that, for any �∈ [t ′, t], tr (�)= tr (t). Assuming that t is fixed, from (20) and
the definition of Li , it is easy to verify that the vector �∗ is well defined.
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Lemma 1
Consider the time-varying system (1) which satisfies Assumption 1–3. For any time instant t
satisfying det(R(t))�ε0>0, if

R(t)=
∫ t

t ′
A(�)AT(�)d��	I(k1+···+km+m)×(k1+···+km+m), 	>0

then, the estimate �(t) satisfies

‖�(t)−�∗(t)‖���̃∗, (23)

where

��̃∗ := T

	
‖� f ‖F��

⎛
⎜⎝��

√√√√ m∑
i=1

[
�i,ki +1T ki +1

(ki +1)!

]2

+�t

⎞
⎟⎠

the matrix � f is defined as

� f =

⎡
⎢⎢⎢⎢⎢⎣

LT
1 (T0)

LT
2 (T0)

· · ·
LT

m(T0)

⎤
⎥⎥⎥⎥⎥⎦∈ Rm×(k1+k2+···+km+m).

Proof
For any t satisfying det(R(t))�ε0, Equation (19) equals to

�(t)=
(∫ t

t ′
A(�)AT(�)d�

)−1 ∫ t

t ′
A(�)z(�)d�. (24)

Define �̃
∗
(t,�) as

�̃
∗
(t,�)=�(�)−�∗(t,�).

Noting the definition of �̃
∗
, from (4), we have

z(�)=�T
f (�)�∗(t,�)+�T

f (�)�̃
∗
(t,�)+dt (�), �∈ [t ′, t]. (25)

From (22), (25) and the definition of A(t), it comes that

z(�)= A(�)T�∗(t)+�T
f (�)�̃

∗
(t,�)+dt (�), �∈ [t ′, t]. (26)

Substituting (26) into (24), we obtain

�(t) =
(∫ t

t ′
A(�)AT(�)d�

)−1[∫ t

t ′
A(�)AT(�)d��∗(t)

+
∫

A(�)(�T
f (�)�̃

∗
(t,�)+dt (�)

]
, �∈ [t ′, t]. (27)

From (20) and the definition of �̃
∗
(t,�), we know that for any �∈ [t ′, t],

‖�̃∗
(t,�)‖�

√√√√ m∑
i=1

[
�i,ki +1T ki +1

(ki +1)!

]2

.
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Combining with (6) and
∫ t

t ′ A(�)AT(�)d��	I(k1+···+km )×(k1+···+km ), we get

‖�(t)−�∗(t)‖ � 1

	

∫ t

t ′
‖�T(�)� f (�)‖∞ d�

·

⎛
⎜⎝��

√√√√ m∑
i=1

[
�i,ki +1T ki +1

(ki +1)!

]2

+�t

⎞
⎟⎠ , (28)

Noting that ‖�(t)� f ‖�‖�(t)‖F‖� f ‖�‖� f ‖F��, we have

‖�(t)−�∗(t)‖ � T

	
‖� f ‖F��

⎛
⎜⎝��

√√√√ m∑
i=1

[
�i,ki +1T ki +1

(ki +1)!

]2

+�t

⎞
⎟⎠

= ��̃∗,

which completes the proof of Lemma 1. �

Based on the Lemma 1, the bound of the parameter estimation error �̃(t) can be deduced. The
main result is given in Theorem 2 as follows.

Theorem 2
Presume that system (1) satisfies the Assumption 1–3. For any t satisfying det(R(t))�ε0, if

R(t)=
∫ t

t ′
A(�)AT(�)d��	I(k1+···+km+m)×(k1+···+km+m), 	>0 (29)

then, the parameter estimation error �̃(t) satisfies

‖�̃(t)‖�ε2 (30)

with

ε2 = T

	
‖� f ‖2

F��

⎛
⎜⎝��

√√√√ m∑
i=1

[
�i,ki +1T ki +1

(ki +1)!

]2

+�t

⎞
⎟⎠ .

Proof
From (20), we know that �∗

i (t, t)=�i (t). Combining with (22), it follows that

LT
i (t − tr (t))�∗i (t)=�i (t). (31)

Noting the definition of �(t) and �∗(t), from (31), we have

�(t)�∗(t)=�(t). (32)

Since �̂(�, t)=�(t)� as is indicated in Equation (10), one has

�̃(t)=�(t)(�∗(t)−�(t)). (33)

According to Lemma 1, if the inequality (29) holds, then it follows that �(t)−�∗(t) is bounded,
moreover, ‖�(t)−�∗(t)‖∞���̃∗ . Combining with the fact that ‖�(t)‖F�‖� f ‖F, we know that
Equation (33) implies

‖�̃(t)‖�‖� f ‖F��̃∗ =ε2.

Therefore, the proof of Theorem 2 is completed. �
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Remark 2
From Theorem 2, we know that the proposed method can provide accurate estimates of the time-
varying parameters with bounded error. According to the definition of ε2, the error bound is not
only related to the infinity-norms (defined in Section 2.1) of the noise d , the regressor vector �
and the parameter changing rate �̇, but also the parameter configurations of the algorithm and the
excitation level of input signal.

Remark 3
From Theorem 2, we can see that ε2 is a decreasing function of the smallest eigenvalue of R(t),
whereas it is an increasing function of T . Thus, to make ε2 small, the value of T should not be too
large. On the other hand, if T is too small, then the smallest eigenvalue of R(t) will become small,
even cause det(R(t))<ε0 and the parameter estimate can not be updated. To avoid this problem,
we should not select T to be too small. In addition, the parameter ki is also related to ε2. If ki
is too large, the size of R(t) is large, and then the smallest eigenvalue of R(t) will become too
small. Contrarily, if ki is too small, the parameter estimate �̂ will not match �(t) well enough in
the sliding window. Therefore, we should choose the parameters T and ki properly.

5. SIMULATIONS

Consider the following second-order model which is often used to represent the dynamics of a
servo motor [27].

ẋ1 = x2,

ẋ2 =−�1(t)x2 −�2(t)S f (x2)+K u+d,
(34)

where �1(t)=2+sin(t) and �2(t)=3+cos(0.5
t) are the unknown time-varying parameters; K =
10 is the known high-frequency gain, S f (x2)=10arctan(900x2) is the previously known smooth
function, x1 and x2 are the states that are assumed to be available, u is the control input, d(t) is
the disturbance and has different values in the two cases of our simulation. In Case 1, d(t)=0; in
Case 2, d(t)=1rand(1)−0.5, which represents a zero-mean random number whose magnitude is
less than 0.5.

Viewing (4) and (5), we know that model (34) can be transformed into a regression form as
z(t)=�T

f (x)�(t)+dt , with

z = �

(
x2 − �

s+�
[x2]

)
− �

s+�
[K u],

� f (x) =
[
− �

s+�
[x2],− �

s+�
[S f (x2)]

]T

,

dt = �

s+�
[d]+ 1

s+�

[
�

s+�
[x2]�̇1(t)

]
,

+ 1

s+�

[
�

s+�
[S f (x2)]�̇2(t)

]
,

where �>0 is a parameter to be selected. During the parameter estimation process, the data z and
� f (x) are available, whereas dt is unavailable.

Based on the parameter estimation method introduced in Section 3, the on-line estimator for
model (34) is synthesized as: �=500, T0 =2s, T =0.4s, ε0 =10−13, the initial estimates are set
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to be �̂1(q)=0, �̂2(0)=0, the orders of the polynomial approximators for �1 and �2 are selected
as k1 =2 and k2 =2. Consequently, we have

�(t)=
⎡
⎣1 t − tr (t) (t − tr (t))2 0 0 0

0 0 0 1 t − tr (t) (t − tr (t))2

⎤
⎦

with tr (t)=2 ·floor(t/2). Let u(t)=10sin(4
t) be the input signal to the plant (34). Then, the data
z and � f (x) can be acquired. Figure 1 shows the input signal u, the acquired signal z in Case 1
and the difference between the value of z in Case 1 and that in Case 2. Since disturbance is added
to the system in Case 2, the acquired signal z in this case is influenced by the disturbance to some
extent.

Applying the estimation algorithm proposed in this paper with the estimator parameters given
above, the time-varying parameters in the plant (34) are estimated on-line. The parameter estimates
of the two cases are shown in Figure 2. As we can see from Figure 2(a), when there is no
disturbance in the system, the estimates are almost the same as their actual values after the
beginning of the estimation. Figure 2(b) shows that, even under the influence of disturbance, the
parameter estimates are still quite close to their actual values after the outset. Figure 3 depicts
the estimation error of the two cases, i.e. with distance and without disturbance. We can find that
in both cases the magnitude of estimation error is so small comparing to the variant scale of the
time-varying parameters. Figure 4 shows the curves of det(R(t)) in Case 2. It can be found that at
the time segment near the tr s, i.e. 2s,4s,6s, . . . ,det(R(t)) becomes possibly smaller than ε0. That is
because the length of the sliding window for integration, namely, t − t ′ is very close to zero in such
situation.

As seen from Figure 2, the parameter estimates are invariant in the outset. The reason is that,
at the beginning of the estimation, the matrix R(t) does not satisfy det(R(t))�ε0. Equation (19)
indicates that the vector �(t) is kept constant in this situation. Hence, the parameter estimate �̂
equals to its initialization value in that phase. Notice that, at the time instant near tr , we also have
det(R(t))<ε0, thus the estimation error in that instant may become a bit larger than the estimation
error of other instants. However, as shown in Figure 4 (especially in the partially enlarged plot of
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Figure 1. Input signal u and some acquired signals.
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Figure 2. Parameter estimation of the time-varying parameters: (a) parameter estimation without disturbance
and (b) parameter estimation with disturbance.

Figure 4), the time satisfying det(R(t))<ε0 is much less than the remaining time, thus the influence
of the sudden change of tr is insignificant.

From the simulation results in two cases, we can observe that the proposed on-line parameter
estimation method is applicable to the time-varying systems in the form of (1). It can provide
accurate estimation for the time-varying parameters with bounded changing rates. Even under the
influence of bounded disturbance, the satisfactory estimation of the time-varying parameters can
still be acquired.

6. CONCLUSIONS

In this paper, a novel on-line parameter estimation method for time-varying continuous systems is
proposed. In this method, a polynomial approximator with a bounded regressor vector is utilized
to approximate the time-varying parameters; the direct least-squares algorithm based on a sliding
window cost function is employed to compute the estimates. The boundedness of its parameter
estimation error has been proved. We show that the bound is related to the disturbance level,
the plant parameter changing rate, the persistent excitation level as well as the parameter setting
of the estimation algorithm. The simulation results demonstrate that the proposed method can
provide accurate estimates of time-varying parameters even under the influence of bounded distur-
bance. Further study will focus on the indirect adaptive control via this parameter estimation
approach.
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Figure 3. The curves of estimation error: (a) estimation error without disturbance and
(b) estimation error with disturbance.
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APPENDIX A

Proof of Theorem 1
First, we prove (i). Equation (13) is equal to

J (�(t), t) =
∫ t

t ′
z2(�)d�−2�T(t)

∫ t

t ′
A(�)z(�)d�

+�T(t)
∫ t

t ′
A(�)AT(�)d��(t). (A1)
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From (15) and (16), Equation (A1) can be rewritten as

J (�(t), t)=�−2�T(t)Q(t)+�T(t)R(t)�(t), (A2)

where �=∫ t
t ′ z2(�)d�. In view of (A2), J is a convex function of �(t). Hence, any local minimum

is global and satisfies

�J (�(t), t)

��(t)
=2(R�(t)− Q)=0. (A3)

If det(R)�ε0>0, then R is invertible, and the estimate �(t) that minimizes J is

�(t)= R(t)−1 Q(t).

Thus, the proof of result (i) in Theorem 1 is completed. Then, we are going to prove (ii). According
to the definition of �∗(t,�) and �∗(t) in (20) and (21), from (4) and (13), it can be derived that

J (�∗(t), t) =
∫ t

t ′
[z(�)− AT(�)�∗(t)]2 d�

=
∫ t

t ′
[�T

f (x(�))(�(�)−�∗(t,�))+dt (�)]2 d�

� 2
∫ t

t ′
�̃
∗T

(t,�)� f (x(�))�T
f (x(�))�̃

∗
(t,�)d�+2

∫ t

t ′
dt (�)2 d�, (A4)

where �̃
∗
(t,�)=�(�)−�∗(t,�). Using the holder inequality, from (A4), we get

J (�∗(t), t)�2
∫ t

t ′
�̃
∗T

(t,�)�̃
∗
(t,�)�T

f (x(�))� f (x(�))d�+2
∫ t

t ′
dt (�)2 d�. (A5)

From the definition of �∗
i (t,�), one has

|�̃∗
i |�

�i,ki +1T ki +1

(ki +1)!
. (A6)

From (A5) and (A6), we have

J (�∗(t), t) � 2
∫ t

t ′
�̃
∗T

(t,�)�̃
∗
(t,�)d��2

�+2�2
t T

� 2�2
�

m∑
i=1

�2
i,ki +1T 2ki +3

[(ki +1)!]2
+2�2

t T =ε1. (A7)

According to the result (i) of Theorem 1, for any t satisfying det(R(t))�ε0>0, we have
J (�(t), t)�J (�∗(t), t), which yields J (�(t), t)�ε1. Therefore, the proof of Theorem 1 is
completed. �
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