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Abstract 
 
The problems related to self-collision detection and optimal collision-free trajectory planning for a robot arm subjected to dynamic 

constraints is investigated. First, a computed-torque method is used to obtain a linearized closed-loop system. For this linearized system, 
the reference state that the robot arm is capable of reaching is verified through phase plane analysis. This will ensure that the robot arm 
can be stopped before self-collision occurs. Dynamic constraints are taken into account for a continuous motion of deceleration by calcu-
lating the bounds of the commanded force/torques with interval evaluations. When the reference state at t tδ+

 

is not valid for self-
collision avoidance, a new feasible state is determined by adhering to an interval-based method which allows decomposition of a com-
plex constrained optimization problem into a simple two-stage optimization problem with relaxed constraints. The optimized feasible 
state not only secures the robot arm against self-collision but also allows the robot arm to track the original reference trajectory closely. 
Simulation and experimental results of a 2-dof robot arm show the effectiveness of the proposed interval-based approach.  
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1. Introduction 

Self-collision may cause damage to the robot arm. Thus, 
self-collision detection and prevention are important aspects 
of mechanical design and motion monitoring. Classical ap-
proaches dealing with self-collision prevention are divided 
into two categories. The first category is based on kinematic 
analysis, which assumes that the reference trajectory is speci-
fied in terms of path endpoints and a set of knots between the 
endpoints. The trajectory through the knots is generated to 
prevent self-collision by considering the geometric relation-
ships and ranges of joint motion [1-7]. However, the kine-
matic-based approaches ignore dynamic constraints, such as 
inertia and force/torque capacity. The second category is 
based on kinodynamic or dynamic analysis which combines 
robot dynamics with kinematic performance indices [8-12]. 
Therefore, self-collision detection and prevention can become 
very complicated due to complex coupled dynamics, which is 
described by second order differential equations. To avoid 
solving dynamic equations, some approaches have assumed 
that robot arms move along a straight trajectory and can be 

stopped with a fixed acceleration. Through this way, a simpli-
fied dynamic model is obtained [13]. Another assumption is 
that robot dynamics allows the derivation of an analytical 
function describing relationships between state vectors and 
driving forces. Subsequently, canonical or near-canonical 
solutions are determined using this function. These can pre-
vent self-collision and satisfy dynamic constraints [14]. How-
ever, most dynamic models are too complex to be integrated. 

In recent literature, dynamic control methods have been 
proven to be the most practical prospective solutions to the 
problems related to self-collision prevention. To prevent robot 
arms from self-collision, distances between robot links and 
limited positions are considered as virtual forces which may 
be regulated by applying impedance force control or hybrid 
force control algorithms [15, 16]. Other studies have used 
adaptive compliance control approaches to detect possible 
self-collisions [17, 18]. 

The main idea of the present paper is to consider the limited 
position of the joints as the desired states of a set-point control. 
The principle of critically damped control is used to guarantee 
that the position errors of the closed-loop system converge to 
zero without any overshoots. The dynamic constraints are 
fulfilled through this continuous motion of deceleration by 
checking the bounds of the commanded torques based on a 
novel algorithm that combines phase plane analysis with in-

† This paper was recommended for publication in revised form by Editor  
Long Wang   

*Corresponding author. Tel.: +0086 10 68918976, Fax.: +0086 10 68918976 
E-mail address: fangh@bit.edu.cn   

© KSME & Springer 2011 



2078 H. Fang et al. / Journal of Mechanical Science and Technology 25 (8) (2011) 2077~2087 
 

 

terval analysis. This paper is organized as follows. Section 2 
presents the proposed computed-torque control method which 
is used to obtain a linearized closed-loop system. In section 3, 
the state of the closed-loop system is checked using phase-
plane analysis to prevent possible self-collisions. Interval 
analysis is used to ensure that the dynamic constraints are 
always satisfied. In section 4, interval analysis is applied once 
more to design a new optimal collision-free trajectory. In sec-
tions 5 and 6, simulation and experimental results are pre-
sented to validate the algorithms. 

 
2. Preliminary knowledge and basic concepts 

For a 2-DOF planer robot whose links are connected by re-
volute joints, constant joint limits may cause self-collisions 
between the robot arms and revolute joints. Hence, in this 
paper, finding the solution to the problems related to self-
collision detection and prevention of robot arms is the focus. 
For ease of comprehension, several preliminary knowledge 
and basic concepts of the applied tools (critically damped 
systems and interval analysis) are summarized first. 

 
2.1 Computed-torque control 

The dynamic model of a 2-DOF rigid robot arm is given by 
 

( ) ( )( ) ,M q q C q q q G q τ⋅ + ⋅ + =  (1) 

 
where 2q R∈ is the vector of the joint angles, ( ) 2 2M q R ×∈  is the inertia matrix, ( ),C q q q⋅  represents the Coriolis and 
centrifugal forces, ( )G q is the torque vector due to the gravi-
tational force, and τ is the vector of the commanded torque. 

The dynamic constraints considered in this paper include 
the constraints on the control input 

 
maxiτ τ≤  (2) 

 
and the velocity limit 
 

maxiv v≤   (3) 

 
where maxτ and maxv are determined by commercially avail-
able actuators. 

To avoid solving the complex dynamic equation, the com-
puted-torque method is used. The control input is: 

 
ˆ ˆˆ ( ) ( , ) ( )       p v dM K e K e q C q q q G qτ = ⋅ + + + ⋅ +  (4) 

 
where vK  and pK  are the derivative and proportional gains 
of the controller, respectively, dq  is the desired state, and 

de q q= −  is the position error between the desired and ac-
tual states. The symbol ˆ indicates the estimated values of the 
parameters. Subsequently, the following closed-loop system is 
obtained: 

ˆˆ ( ) ( ,  )
ˆ ˆ( ) ( ) ( ) ( )  0

p vM K e K e e C q q q
C q q q G q G q M M q
⋅ + + + ⋅

− ⋅ ⋅ + − − − ⋅ = .  (5) 

 
If the parameters of the dynamic model are known, that is 

M̂ M= , ˆ ( , ) ( , )C q q C q q= , ˆ ( ) ( )G q G q= , then a linearized 
model of the closed loop system can be obtained as follows: 

 
0.v pe K e K e+ + =   (6) 

 
2.2 Critically damped system 

Damping is a process where the system returns to equilib-
rium without overshooting the equilibrium position. From a 
physical point of view, damping in a linear system is per-
formed on the threshold between oscillatory and exponential 
behaviors. Critical damping allows the system to reach the 
equilibrium in the shortest time without overshooting. For a 
critically damped system, there is no oscillatory behavior and 
the motion can be described entirely by exponential decay. 

Eq. (6) represents a second-order differential equation with 
respect to the position error e . If we choose the controller 
gains { }p pK diag k= and { }v vK diag k=  such that their 
elements satisfy 

 
2 pvk k=    (7) 

 
then the model of the closed-loop system in Eq. (6) becomes 

 
2

0
4
v

v
ke k e e+ + =   (8) 

 
which defines a second-order system with critically damped 
response (i.e., non-oscillating response). 

Fig. 1 shows a phase portrait of a critically damped system. 
Assume that the initial values of ( , )e e  lie in the fourth quad-
rant satisfying 0e> , 0e< . From Fig. 1, it is clear that for a 
given gain vk , a line 1 2a a  can be defined as follows: 

 

0
2

vke e+ = .    (9) 

 

e

e&

1a

2a
 

 
Fig. 1. Phase portrait of the critically damped system. 
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All the states ( , )e e  located in region I , which is deter-
mined by the positive half of x-axis and line 1 2a a  will finally 
reach line 1 2a a  and converge to the origin, asymptotically 
along line 1 2a a without any overshoots, keeping the position 
error e  non-negative. 

In case of parameter uncertainties, if vK , pK are chosen 
from Eq. (7), the possibility that the resulting error dynamics 
becomes oscillatory is high. To generalize the proposed me-
thod to systems with uncertain parameters, a simple PD type 
linear controller together with Gamma-stability analysis of the 
closed-loop system can be studied for the nominal parameters 
[19]. This will allow us to conclude on the (performance) ro-
bustness of the position control with respect to specified pa-
rameter changes. By projecting the Γ -region from the com-
plex plane to the parameter space, the Γ -stable region on the 
left half of the real axis can be determined, yielding non-
overshooting position control results. 

 
2.3 Interval-based approaches 

Interval arithmetics is a simple method that can provide 
lower and upper bounds for a function with interval unknowns. 
The interval evaluation of a function determines an interval 
that guarantees the inclusion of the exact lower and upper 
bounds of this function. The simplest interval evaluation me-
thod is the natural evaluation in which each mathematical  
operator ◊  of the function is replaced by an interval equiva- 
lent ′◊  by returning an interval [ ', ']◊ ◊ such that for all x   
in a range X ， ( ) ( ) ( )X x X′ ′◊ ≤◊ ≤◊  [20, 21]. 

In this paper, the lower and upper bounds of an interval X  will be denoted by X , X . The variation domain of the vari-
able x  is defined by an interval variable [ ]x , thus: 

 
[ ] : [ , ]x X X X= = .   (10) 

 
The width of this interval is ( )w X X X= − . The midpoint of 
the interval X  is defined as: 

 

( )
2

X Xmid X +=  .   (11) 

 
An n-dimensional interval set is called a box: 

 

1 1{[ , ], ,[ , ]} .n nX X X X X=  (12) 
 

The width of an n-dimensional interval set X is the maximal 
width of its interval components. 

Overestimation, which is related to the number of interval 
operations, is a major shortcoming of interval computation. 
Note that the interval evaluation of a function depends heavily 
on its analytical form. 

 
2.4 Ranges of state variables at next sampling period 

The acceleration of the joints can be evaluated by 

1 ( ( ) ( , ) )q M G q C q q qτ−= ⋅ − − ⋅   (13) 
 

and the control input of the robot is limited by 
 

max max[ , ] .τ τ τ∈ −   (14) 
 

Hence, the acceleration of the joints is constrained by 
 

max max
1 1( ) ( )M f q M fτ τ− −⋅ − − ≤ ≤ ⋅ −   (15) 

 
where f represents the corresponding function ( )G q +  

( , )C q q q⋅ . 
In practical implementations, the sampling period can be set 

to be small enough that ( )q t  can be considered as a constant 
and a linear relationship between the current state and the next 
state at t tδ+ exists: 

 
( ) ( )( ) ( )

2
q t q t tq t t q t tδδ δ+ ++ = +  (16) 

( ) ( ) ( ) .q t t q t q t tδ δ+ = +  (17) 
 

From Eq. (17), the range of the joint velocity at t tδ+  is 
determined by: 

 
( ) [ ( 1), ( 1)]q t t Q i Q iδ+ ∈ + +    (18) 

 
where 
 

1
max( 1) ( ) ( ) ,Q i q t M f tτ δ−+ = + ⋅ − −  (19) 

1
max( 1) ( ) ( ) .Q i q t M f tτ δ−+ = + ⋅ −   (20) 

 
Moreover, the range of the joint angle at t tδ+  is deter-

mined by: 
 

( ) [ ( 1), ( 1)]q t t Q i Q iδ+ ∈ + +    (21) 

 
where 
 

( ) ( 1)
( 1) ( ) ,

2
q t Q i

Q t q t tδ
+ +

+ = +  (22) 

( ) ( 1)( 1) ( ) .
2

q t Q iQ t q t tδ+ ++ = +    (23) 

 
3. Dynamic self-collision detection 

For a 2-dof robot arm whose links are connected by revo-
lute joints, the possible collisions between the links and the 
constant joint limits are the only self-collisions considered in 
this paper. From the dynamic control theory point of view, if 
the constant joint limit oq  is regarded as the desired target 
position d oq q=  of the set-point control in which 0dq = , 

0dq = , then the values of the position error oe q q= −  in-
dicate the ranges of the joint angles which allow the robot arm 
to move without self-collisions. Hence, 0e>  means that the 
robot arm runs safely, whereas 0e≤  means that the robot 
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arm overshoots its joint limits, leading to self-collisions. Thus, 
the most important work in this paper is to transform the prob-
lem of self-collision detection and prevention into a guarantee 
that the non-negative position error e  of a set-point control is 
available. 

 
3.1 State verification for dynamic self-collision prevention 

As explained in section 2.2, a critically damped system can 
be obtained by choosing 2 pvk k=  so that the position er-
rors may converge to zero without overshooting. Hence, any 
point in Region I would yield a collision-free trajectory. 

Each point in Region I may yield a collision-free trajectory, 
but not all of them are valid for dynamic self-collision preven-
tion because dynamic constraints have to be considered. When 
the position errors converge to the origin with critical damping, 
all the transient states along the phase portrait must satisfy the 
dynamic constraints (24) which are derived directly from Eq. 
(4) 

 
max max

2
( ) ( , ) ( ) .

4
v

v d
kM e k e q C q q q G qτ τ− ≤ ⋅ + + + ⋅ + ≤  (24) 

 
Noting that for a set-point control, 0dq = , 0dq = , Eq. (24) 
can be simplified into: 
 

max max

2
( ) ( , ) ( ) .

4
v

v
kM e k e C q q q G qτ τ− ≤ ⋅ + + ⋅ + ≤   (25) 

 
For a specified state ( ( ), ( ))p pp e t e t=  at pt t= , it is al-

ways expected that the robot arm can be stopped in the short-
est time along the phase portrait evolving from the initial state 

p . Hence, if we choose 
2 ( )

( )
p

vp
p

e t
k

e t
=−  from Eq. (9), the 

transient states of the closed-loop system will converge to the 
origin exponentially along the line po  defined by 

0
2
vpk

e e+ =  without overshooting (Fig. 2). The control tor-

que becomes 
 

2

( , ) ( ) ( , ) ( )
4
vp

p vp

k
q q M e k e C q q q G qτ = ⋅ + + ⋅ + . (26) 

 
The phase portrait po  describes a continuous deceleration 

motion. If every point on po  satisfies the dynamic con-
straints such that 

 
max max       ( , ) ( , )p q q q q poτ τ τ− ≤ ≤ ∀ ∈  (27) 

 
then the state ( ( ), ( ))p pe t e t  is verified as valid for dynamic 
self-collision prevention, guaranteeing a realistic collision-
free trajectory. 

 
3.2 Interval-based dynamic collision detection for a continu-

ous motion 

Eq. (26) shows that the analytical expression of the control 

torque is complex and nonlinear. The method for verifying the 
dynamic constraints for all the transient configurations span-
ning the continuous motion described by po is a key problem. 
To solve this problem, a novel algorithm which combines 
phase plane analysis with interval-based analysis is proposed. 
The algorithm can check possible self-collisions by providing 
rigorous ranges for the commanded toque. 

When the robot arm follows the reference trajectory, the 
reference state ( )( ), ( )d dq t t q t tδ δ+ +  that the robot arm is 
going to reach at the time t tδ+  is checked to prevent all 
self-collisions. As analyzed in section 3.1, where the reference 
state was given at t tδ+ , we choose  

 

1
2 ( )

( )
d

v
d

e t tk
e t t

δ
δ
+=−
+

 , (28) 

( ) ( ) ,d o de t t q q t tδ δ+ = − +  (29) 
( ) ( )d de t t q t tδ δ+ =− +  .    (30) 

 
Consequently, the phase portrait of the position errors would 

converge to the origin along the line 1 0
2
vke e+ =  without 

overshooting. Correspondingly, the variation ranges of the 
position errors can be defined by an interval [e] (Fig. 2). 
Hence, interval-based algorithms are used to verify the dy-
namic constraints over this continuous deceleration motion. 

Consider the constraint 1 0
2
vke e+ =  that the phase por-

trait must satisfy; the interval evaluation of the commanded 
torque over the whole phase portrait is transformed into 

 
1
2

[ ] ( ,[ ]) ( [ ]) ( ,[ ], ) ( ,[ ])
4
v

o o o
kM q e e C q e q q G q eτ = ⋅ − + ⋅ +   

 (31) 
 
where 
 

[ ] [0, ( )]e e t tδ= +  ,   (32) 

1
2 ( ) ,

( )
d

v
d

e t tk
e t t

δ
δ

− +=
+

 (33) 

( ) ( )o de t t q q t tδ δ+ = − +  .   (34) 

e

e&

VR

OR
p

2
vpk

e e= −&

2
vke e= −&

( )e t tδ+

( )e t tδ+&

[ ]e

 
 
Fig. 2. Phase portrait converging to the origin exponentially. 
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[ ]τ  provides the lower bound τ  and upper bound τ  of 
the commanded torques for a continuous collision-free decel-
eration motion. Moreover, if 

 

maxτ τ− ≤  and maxτ τ≤   (35) 
 

then it is believed that the constraints on the control input are 
satisfied over the continuous deceleration motion. The next 
reference state ( )( ), ( )d dq t t q t tδ δ+ +  is valid for dynamic 
self-collision prevention, yielding a realistic collision-free 
trajectory. Otherwise, we will not be able to decide whether 
the next reference state is valid or not. In this case, the next 
reference state has to be modified and optimized to guarantee 
that the robot arm runs safely. 

In this paper, the region in which every point can guarantee 
a realistic collision-free trajectory is defined as valid region 
(VR), whereas the region not guaranteeing a realistic colli-
sion-free trajectory is defined by as overshooting region (OR). 

The boundary between VR and OR is defined by
2
vke e=− , 

where vk  is the maximum allowable vk  which is deter-
mined by the dynamic constraints (actuator capacity). 

As a tradeoff between computational cost and accuracy in 
the proposed method, the next reference states which lead to 
the result of 

 

maxτ τ− >  or maxτ τ>  (36) 
 
or the result of 
 

maxτ τ≤  or maxτ τ≤−   (37) 

 
are considered invalid for use in avoiding self-collisions. Both 
conditions will trigger another process to modify the next 
reference state (section 4). 

The bounds formulated on the angles of the revolute joints 
are the only constraints considered in this paper. More com-
plex constraints and restrictions of the configuration spaces, 
such as singularity configurations and spatial interferences, 
can also be avoided dynamically based on interval-based 
analysis in a similar manner [22, 23]. 

The proposed approach has the following merits: 
•  The complex problem of self-collision detection and pre-

vention, with the dynamic constraints, is transformed into 
a classical problem of how to keep the position error of 
the set-point control positive, which has already been 
solved . 

•  Feedback linearization and phase plane analysis are two 
industrial standard procedures which have been widely 
used in control system design; hence, engineers are more 
willing and inclined to accept and apply them. 

•  Analytical analysis (feedback linearization and phase 
plane analysis) instead of numerical solvers is employed 

throughout the whole process. The accuracy is acceptable 
and considerable amount of computational cost is saved. 

 
4. Determination of optimal collision-free reference 

trajectory 

4.1 Optimization of collision-free reference trajectory 

When the next reference state ( )( ), ( )d dq t t q t tδ δ+ + is not 

valid, it is necessary to design a new state for the next sam-
pling period which will not only yield a realistic collision-free 
trajectory but will also guide the robot arm to get as close as 
possible to the original reference trajectory. This constrained 
optimization problem, in which ( )q t tδ+  is the variable to 
be optimized, can be modeled as follows: 

 
2

( )

( ) ( )min ( ) ( )
2 dq t t

q t t q tq t t q t t
δ

δ δ δ
+

⎛ ⎞+ + ⎟⎜ ⎟⎜ + − + ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
   (38) 

 
S.T. 

 
( ) [ ( 1), ( 1)]q t t Q i Q iδ+ ∈ + +  ,   (39) 

( ) ( )( ) ,
2 o

q t t q tq t t qδ δ+ ++ ≤   (40) 

( ( ), ( ))e t t e t t VRδ δ+ + ∈   (41) 
 

where ( 1)Q i+  and ( 1)Q i+  can be determined by Eqs. (19) 
and (20). 

By minimizing the objective function, an optimal trajectory 
in the vicinity of the original one can be obtained. The objec-
tive function is subjected to several constraints. Note that the 
last constraint (41) indicates that the state to be optimized 
must lie in the VR so that all possible self-collisions can be 
prevented. 

 
4.2 Interval-based optimization methods 

The optimal collision-free trajectory can be obtained by 
finding a solution to the constrained optimization problem 
formulated by Eqs. (38)-(41). Thus, an interval-based optimi-
zation method is proposed. The advantage of interval-based 
optimization method is that it allows decomposition of a huge, 
complex constrained optimization problem into several simple 
stage-by-stage problems. Furthermore, at the end of the opti-
mization process, interval-based numerical methods may con-
verge to a global minimum. 

When the next original reference state ( ( ),dq t tδ+  
)( )dq t tδ+  is not valid, a new reference state must be opti-

mized for the next sampling period. In the first stage, variation 
ranges of ( )dq t tδ+  satisfying the constraints of Eqs. (39) 
and (40) can be obtained easily and the intersection of these 
two ranges leads to a preliminary contraction of the interval 
[ ( )]dq t tδ+ . Constraint (41) has to be dealt with in a compre-
hensive way. In Fig. 3, all the next allowable reference states 
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lie on the segment 1 2p p  which evolved from the current 
state ( , )t te e  and follow the equation  

 
2( ) ( ( ) )t te t t e t t e e
t

δ δ
δ

+ = + − −  . (42) 

 
In order to find all the states fulfilling constraint (41), the con-
straints of the commanded torque should be checked for all 
next allowable states on the segment 1 2p p . Hence, the range 
of the commanded torque is rewritten again in Eq. (43) in a 
similar way as Eq. (31) except that the next states to be 
checked lie on the predefined segment 1 2p p  instead of being 
defined by the specified state p. 

 

1
2[ ][ ] ( ,[ ]) ( [ ]) ( ,[ ], ) ( ,[ ])

4
v

s o o o
kM q e e C q e q q G q eτ = ⋅ − + ⋅ +  

 (43) 
 
where 

 
[ ] [0, ( )]e E t tδ= +  (44) 
 

and ( )E t tδ+  is determined by Eq. (45). 
Notice that the differences between Eqs. (31) and (43) in-

clude the following aspects: 
•  The interval variable [ ]e  in Eq. (31) is substituted by 

[ ]e , where [ ]e  as defined by Eq. (44), covers the entire 
variation range of the position errors of the closed-loop 
system when its transient states converge to the origin. 
The range of [ ]e  is related to the allowable range of the 
next state [ ( )]e t tδ+  (indicated by the segment 1 2p p  in 
Fig. 3 which is determined by 

 
( ) [ ( )][ ( )] [ ( ), ( )]

2t
q t q t te t t E t t E t t e tδδ δ δ δ+ ++ = + + = − .  

 (45) 
 
•  1vk in Eq. (31) is substituted by an interval variable 1[ ]vk . 

In order to allow all possible candidates on 1 2p p  to con-
verge to the origin with critical damping, 1vk must be ad-
justable within a defined range 1[ ]vk . Utilizing Eqs. (28) 
and (42), we can determine the range of 1[ ]vk  as follows: 

1
2[ ] 1 ( )

2 [ ( )] 2

v

t t

k t t e e
q t t

δ δ
δ

−=
+ +

− +

. (46) 

 
As the current state ( , )t te e  has been given, both 

[ ( )]e t tδ+  and 1[ ]vk  can be expressed as the functions of the 
interval variable [ ( )]q t tδ+  as indicated by Eqs. (45) and 
(46). Therefore, substituting Eqs. (45) and (46) into Eq. (43) 
leads to an explicit relationship between the ranges of [ ]sτ  
and the interval variable of [ ( )]dq t tδ+ . 

 
[ ] ( ,[ ( )]) ( ,[ ( )])

( ,[ ( )]) ( ,[ ( )])
s M S q t t A S q t t

C S q t t q G S q t t
τ δ δ

δ δ
= + ⋅ + +

+ ⋅ + +  (47) 

 
where { , , ( )}o tS q e q t=  are all known variables and 

 

2
[0, ( )]( )

1 ( )
2 [ ( )] 2 t t

E t tA
t t e e

q t t

δ

δ δ
δ

+⋅ =−
⎛ ⎞⎟⎜ ⎟+ +⎜ ⎟⎜ ⎟⎜ − +⎝ ⎠

.  (48) 

 
The aim of dynamic self-collision prevention requires that 

the following relationship holds: 
 

max sτ τ− ≤  and maxsτ τ≤  .  (49) 

 
Eq. (47) can exactly provide the upper bound sτ  and the 

lower bound sτ  of the commanded toque, which are the 
functions of [ ( )]q t tδ+ . Subsequently, an interval-based al-
gorithm which may provide all the solutions of [ ( )]q t tδ+  to 
Eq. (49) is proposed in section 4.3, thus providing an impor-
tant effort to contract the allowable range of the interval 
[ ( )]q t tδ+ . 

 
4.3 State verification based on interval-based analysis 

To obtain all the solutions of ( )q t tδ+  that satisfy Eq. 
(49), an algorithm ( )F Q  is designed based on the principles  
of interval analysis. For a 2-DOF robot arm, ( )F Q takes 2-D  

interval boxes { }1 1 2 2( 1), ( 1) , ( 1), ( 1)Q Q t Q t Q t Q t⎡ ⎤ ⎡ ⎤= + + + +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
  

as input. In the algorithm ( )F Q , the bounds of the com-
manded torques are evaluated based on Eq. (47), and 
( )F Q will return: 
•   1 if maxτ τ− ≤  and  maxτ τ≤  for all the actuators, 

•  -1 if maxτ τ− >   or  maxτ τ>  for at least one actuator, 

•   0 if maxτ τ− >   or  maxτ τ>  for at least one actuator. 
If ( )F Q  returns 1, then any velocities { 1( ),q t tδ+  

}2 ( )q t tδ+  included in Q  guarantees that the robot arm can 
stop before reaching the joint limit oq , and the dynamic con-
straints are always satisfied over this continuous deceleration 
motion. If ( )F Q  returns -1, then the points in Q  cannot 
yield a realistic collision-free trajectory due to the violation of 
the dynamic constraints. If ( )F Q  returns 0, then we cannot 

e

e&

( )e t tδ+&

( )e t tδ+&

( )e t tδ+ ( )e t tδ+
[ ]e%
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Fig. 3. Range of the next state in phase plane. 
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decide whether the points in Q  (or in some parts of Q ) are 
valid or not because the overestimation of interval arithmetics 
(explained in section 2.3) may be the true reason why 

maxτ τ− >  or maxτ τ> . 
The algorithm that determines all the valid velocities 
{ }1 2( ), ( )q t t q t tδ δ+ + is designed based on ( )F Q . It uses a 
list of n  boxes iQ  as input and the constraints in Eqs. (39) 
and (40) are used to initialize iQ . To take the measurement 
accuracy and actuator performances into account, any box 
whose width is smaller than a given threshold ε  will be dis-
carded from the list. The algorithm proceeds as follows: 

1.  1i=  
2.  if i n>  , then EXIT 
3.  if ( ) 1iF Q =− , then 1i i= + , go to 2 
4.  if ( ) 1iF Q = , then store iQ  as the valid veloci-

ties{ }1 2( ), ( )q t t q t tδ δ+ +  , 1i i= + , go to 2 

5.  if ( )iw Q ε< , then store iQ  as a neglected box, 
1i i= + , go to 2 

6.  bisect iQ  and get two new boxes, add two new boxes 
to the end of list, 2n n= + , 1i i= +  and go to 2. 

When the loop is finished, all the ranges of the valid veloci-
ties { }1 2( ), ( ) ,q t t q t tδ δ+ +  whose widths are larger than ε  

can be obtained. Any point in these ranges can define a valid 
state for the next sampling period .t tδ+  which guarantees 
that the robot arm can stop before self-collision occurs. 

 
4.4 Optimization of collision-free reference trajectory 

In the first stage, all the valid velocities { 1( ),q t tδ+  

}2 ( )q t tδ+  are collected which appear in the form of a list of 

intervals are collected. The best solution which tracks the 
original reference trajectory most closely can be determined 
from the list. Relatively, it is a simple optimization problem 
whose only constraints are found on the variation ranges of the 
variables. Since all the valid velocities have been obtained in 
the form of intervals, interval analysis has the inherent ability 
of finding the global minimum and the advantage of finding 
the optimal solution of ( )q t tδ+  by minimizing the objective 
function (38). Many interval-based algorithms which can be 
utilized to determine the global minimum are available in 
literature [20, 21]. 

 
5. Simulation results 

This section presents several numerical examples of self-
collision prevention and optimal collision-free trajectory plan-
ning based on the proposed approaches. A 2-DOF robot arm 
(Fig. 4) is considered. The state variables are defined in Fig. 5, 
where 1q  is the angle 1θ  between the axis 1x  and the link I 
and 2q  is the angle 2θ  between the axis of the link I and 
link II. The constant limits on 1θ , 2θ  are assumed to be: 

 

1 1 1 2 2 2
1 2 2 2{ | }, { | }
3 3 3 3o oq qθ π θ π θ π θ π< <= − < = − < .  (50) 

Hence, when i oiqθ ∉ , it is believed that self-collision be-
tween the mechanical components occurs. The mass of the 
links are 1m = 4.185 kg and 2m = 2.854 kg. The link lengths 
are 1l = 0.1605 m and 2l = 0.175 m. The nominal angular 
velocities of each joint are 2 rad/s and 1.4 rad/s when 1.6t< , 

1
2

− rad/s and 1
3

− rad/s when 1.6t> . The reference values 

of the joint angles with respect to t
 
are defined offline as 

follows: 
 

1

2

0.5 2         0< 1.6
0.4 1.4

d

d
q t t
q t

⎧⎪ =− +⎪ <⎨⎪ = +⎪⎩
,  (51) 

1

2

12.7 ( 1.6)
2       1.612.64 ( 1.6)
3

d

d

q t
t

q t

⎧⎪⎪ = − −⎪⎪⎪ ≥⎨⎪⎪ = − −⎪⎪⎪⎩

 .   (52) 

 
The original reference trajectory of the end-effector of the 

2-DOF robot arm is indicated by the solid line in Fig. 11. The 
bounds of the angular velocities are [−3, 3] rad/s which are 
determined by the nominal parameters of the actuators. 

In order to fully present the proposed approaches, two dif-
ferent sets of actuator capacity were tested. In the first case, 
the joints are driven with high actuator capacity, the ranges of 
the nominal torques are [−2.5, 2.5] Nm and [− 1.0, 1.0] Nm. 
In the second case, the joints are driven with relatively low 
actuator capacity whose nominal torques are [− 1, 1] Nm and 
[−0.3, 0.3] Nm. 

The approaches were implemented using the high level in-
terval analysis package ALIAS [24] which relies on the C++ 
interval arithmetics package BIAS/Profil. All real time soft-
ware were developed with MATLAB/Simulink, Real Time 

 
 
Fig. 4. 2-DOF robot arm. 
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Fig. 5. Definition of state variables. 
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Workshop, and xPCTarget from Mathworks. An Intel Pen-
tium 1.7 GHz industrial computer, as the target computer, 
executed the real time control. When a high sampling rate was 
set, the target computer may obtain a CPU overload error. 

ALIAS may provide the exact lower and upper bounds of 
the commanded torques in Eq. (47) for a continuous motion to 
verify the dynamic constraints. This allows the detection of all 
the possible self-collisions. If the next reference state cannot 
lead to a realistic collision-free trajectory, a new optimal refer-
ence value has to be designed. Therefore, the interval-based 
function Minimize_Maximize( ) of ALIAS is used to achieve 
the global minimum of Eq. (38). The input of Mini-
mize_Maximize( ) include the domain of the interval variables, 
the accuracy of the extremum, and the name of a function 
which returns the interval vector evaluation of the equations. 
In Minimize_Maximize( ), the numerical procedures of inter-
val-bound comparison and 3B method were carried out to 
improve the efficiency of the algorithm. 

Fig. 6 demonstrates the simulation results of the joint mo-
tions with the sampling rate T = 0.2s. The solid curve de-
scribes the original reference values of the joint angles. The 
dashed curve represents the optimized values of the joint an-
gles driven with high actuator capacity. The dotted curve 
represents the simulation results with low actuator capacity. It 
is clear that in both cases, the links can stop before the revo-
lute joints reach their joint limits. Therefore, no self-collision 
occurs. Moreover, when the original reference trajectory es-
capes from the “Forbidden Region,” the optimized collision-
free trajectories track their original reference values again as 
soon as possible. However, it is also apparent that the robot 
arm with the higher actuator capacity can track the reference 
trajectory more precisely. Figs. 7 and 8 are enlarged views of 
the deceleration and acceleration parts of the optimized trajec-
tories, respectively. In Fig. 8, the obvious errors occur at the 
time when the robot arm starts to track the original reference, 
but the numerical procedures of interval-based optimization 
can make the robot arms converge into the vicinity of the 
original reference. Fig. 9 shows the angular velocity of each 
joint. Clearly, the robot arm driven with the higher actuator 
capacity begins to slow down at a later time than the other, 
which allows it to maintain a better tracking accuracy. In the 
process of tracking the reference trajectory again, it is interest-
ing to find that joint 1 starts to accelerate earlier than joint 2.  

In this process, the joints with the high actuator capacities can  
regulate their velocities more effectively and converge more  

quickly to their reference values. Examples are 1
1
2dq =−   

rad/s, 2
1
3dq =− rad/s. The optimization results with high  

sampling rate T = 0.01s are shown in Fig. 10. 
On the other hand, the big variations of the angular veloci-

ties in Figs. 9 and 10 in each sampling point, which were 
caused by extreme variations of the piecewise constant accel-
erations, led to the degradation of actuators in practice due to 
increased mechanical stress. Introducing an additive penalty 
term in cost function (38) can solve this problem [Eq. (53)]. 
The results are presented in Fig. 9 as indicated by the solid 
line. 

 
2

( )

2

( ) ( )min (1 ) ( ) ( )
2

( ) ( )

dq t t

q t t q tq t t q t t

q t t q t

δ

δλ δ δ

λ δ

+

⎛ ⎞+ + ⎟⎜ ⎟⎜− + − + +⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
+ −

. (53) 
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Fig. 7. Enlarged view of stopping motion. 
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Fig. 8. Enlarged view of track motion. 
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Fig. 9. Angular velocity of the joints. 
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Fig. 6. Motion of the joint angles. 
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Fig. 11 shows the original reference trajectory and the op-
timized collision-free trajectories of the end effector in the 
x y−  plane, respectively. The figure demonstrates that the 
optimized trajectories are not only capable of avoiding entry 
into the “Forbidden Region” but can also track the original 
reference as closely as possible. 

To generalize the proposed method to uncertain parameters, 
the Γ -stability analysis techniques [19], together with inter-
val-based analysis, were applied to ensure that the system can 
carry different loads without overshooting. The simulation 
results of the angular rates are shown in Fig. 12. Although 
different loads (0.8 and 1.3kg) are carried by the robot arm, 
the robot arm can still stop before self-collision occurs. 

 
6. Experimental results 

To validate the effects of the proposed algorithm, an ex-
periment where the self-collision approach was applied to a 

real robot arm REBo-V-6R-650 was carried out (Fig. 13). The 
mass of the robot arm was 68 kg. The range of the L axis was 
[-90°, 85°], and the range of the L axis was [-85°, 90°]. The 
maximum velocity of the L axis was 2.6 rad/s, whereas the 
maximum velocity of the U axis was 2.97 rad/s. The angles of 
the revolute joints were measured using an encoder with 12 
MHz. The robot arm was connected to a PC using a standard 
Ethernet cable. The joints were controlled using a Galil 6-
AXIS Motion Controller DMC-1060. 

Fig. 14 demonstrates that the joints can be stopped before 
they reach their joint limits. The trajectory of the end-effector 
is shown in Fig. 15. In the actual experiment, after the robot 
arm stopped to avoid self-collision, the proposed algorithm 
was able to guarantee that the robot arm would go out of the 
forbidden region and track the trajectory again with a colli-
sion-free path, leading to an optimal collision-free tracking 
result. 
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Fig. 10. Angular velocity of the joints with high sampling rate. 
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Fig. 11. Trajectory of the end effector.  
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Fig. 12. Angular velocity of the joints enduring different loads.  

 

 
 
Fig. 13. REBo-V-6R-650 robot arm.  
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Fig. 14. Experimental results of joint angles. 
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Fig. 15. Experimental results of trajectory of the end effector. 
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7. Conclusion 

A new approach for self-collision detection and prevention is 
proposed for a class of robot arms that are prone to self-collisions 
due to the constant limits of the revolute joints. All the possible 
self-collisions can be detected by checking the next reference 
state based on the principle of critically damped control. Because 
the interval-based methods are effective in solving the problems 
over a continuous motion, the important problem of verifying the 
dynamic constraints for a continuous motion is successfully 
solved by combining phase plane analysis with interval-based 
algorithms. Furthermore, the interval-based optimization meth-
ods show meaningful advantages in optimizing the next refer-
ence state when it is not valid for self-collision prevention. 
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