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1 Introduction

Control of uncertain systems has been the focus of the control
realm. Robust control and adaptive control are two commonly
used methods, which can solve uncertain issues in control systems.
Sliding mode control (SMC) which provides invariance to matched
uncertainties once the system dynamics are controlled on the slid-
ing mode is an efficient and effective robust approach to manipu-
late control problems of uncertain systems. It has been widely used
in practical systems for its simplicity in controller design [1]. How-
ever, the invariance of SMC is lost in systems with mismatched
uncertainties. Adaptive backstepping control is a systematic design
technique that can tackle mismatched uncertainties in systems,
which can be transformed into parameter strict feedback form or
semistrict feedback form [2]. The combination of these two meth-
ods may help to overcome some problems of either controller and
has been widely studied in the last few years. An adaptive back-
stepping sliding mode control (ABSMC) approach is proposed in
Ref. [3] for systems with relative degree one, and then the method
is extended to parameter pure feedback system [4] and parameter
strict feedback system [5]. In Ref. [6], a systematic design method
of ABSMC for semistrict feedback system is discussed, and the
system states can be steered onto the sliding mode. A symbolic
algebra toolbox allows straight forward design is presented by
Zinober and Rios-Bolivar [7]. Some applications to linear induc-
tion motor is given by Lin et al. [8,9], where the bounds of the
lumped uncertainty is estimated by adaptive laws and good tran-
sient response is ensured by SMC.

Although the ABSMC have many merits, but a drawback of the
design procedure is the “explosion of terms” caused by backstep-
ping approach, and the dynamic surface control (DSC) technique
has been proposed to avoid this problem. A first order low-pass fil-
ter is used to acquire the derivative information of the virtual con-
trol at each step of the conventional backstepping design procedure
in Refs. [10]-[16]. Yip and Hedrick proved the semiglobal stability
of the combined adaptive backstepping-first order filter system by
singular perturbation approach [10] and applications on automobile
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the “explosion of terms” problem caused by backstepping method can be avoided. The
nonsingular fast terminal sliding mode control is adopted in the last step of the controller
design, and the error convergence rate is improved. An composite adaptive law is used to
gain fast and accurate parameter estimation. Finally, simulation results are presented to
illustrate the effectiveness of the proposed method. [DOI: 10.1115/1.4005373]

control were given in Ref. [11]. The robust control for non-
Lipschitz system is given by Swaroop et al. [12] where arbitrary
small tracking error can be achieved. Song et al. [13] proposed a
systematic approach to design and to analyze the controller gains
and filter time constants for DSC via convex optimization. The
DSC method is then extended to radial basis function (RBF) neural
network based adaptive control system [14,15] where uncertain
nonlinearities are approximated by RBF networks. In Ref. [16], the
composite adaptive law is introduced to the DSC method to
enhance the parameter estimation. However, the measurement
noise can directly propagate to the derivative information of the
virtual control effort with the first order filter [17]. In Ref. [17],
Lu et al. indicate that second-order filters have some advantages
over the first order filter in DSC, and researchers introduce the
second-order filter based DSC to several applications, such as fin
stabilizer [18], mobile manipulators [19], and flight controller [20].

One drawback of the aforementioned control methods is only
the linear sliding surface is used. To improve the error conver-
gence rate, nonsingular fast terminal sliding mode control
(NFTSMC) [21], which can achieve finite-time stability is adopted
in the last step of ABSMC. In Ref. [22], an adaptive backstepping
based terminal sliding mode controller for parameter strict feed-
back system is proposed, where the finite-time convergence of the
error in the last step is achieved. In Ref. [23], a robust and adapt-
ive terminal sliding mode control based on backstepping is pre-
sented for strict-block-feedback systems with uncertainties. The
introduction of NFTSMC can enhance the performance of the
backstepping based control system in comparison with ABSMC.
But NFTSMC cannot deliver the same convergence performance,
while the system states are far away from the equilibrium point.

In this paper, motivated by the pioneering works reported in the
literature, the above mentioned problems are addressed. An adapt-
ive dynamic surface based nonsingular fast terminal sliding mode
control (ADS-NFTSMC) method is discussed for a class of nth-
order semistrict feedback systems. The design is performed in a
step by step manner. For each step, a second-order filter is adopted
to gain the information of derivative of the virtual control effort.
An adaptive robust virtual control law is designed to stabilize each
subsystem in the former n — 1 steps. While an adaptive NFTSMC
is employed in the last step to stabilize the whole system. NFTSMC
provides fast finite-time convergence of errors either far away
from or near by the equilibrium point, and the performance of the
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close-loop system can be improved. The uncertain parameters in
the system are updated by composite adaptive law, which can
achieve fast and accurate parameter estimate.

This paper is organized as follows. In Sec. 2, the problem and
some preliminaries are presented. Design procedures of the con-
troller and parameter adaptive law are given in Sec. 3. In Sec 4,
stability analysis of the system is declared. In Sec. 5, the advan-
tages of the proposed ADS-NFTSMC are illustrated by some com-
parative simulations, and some conclusions are drawn in Sec. 6.

2 Problem Formulation and Preliminaries
In this section, the control problem is formulated. Consider the
following semistrict feedback uncertain system [16]
Xj = —(P[T(Wi)o? + bixip1 + Ai(x, 1)
i=1,2,...,
— N (@,)0° + by + A, (x,1)

n—1
(1)

Xp =

y =X

where @; = [x1,...,x]" €R', @, =x=[x,...,x,)] €R" is the
system state vector, y € R is the system output, and u € R is the system
Oput Inthe ith (i = 1,2, ...,n) channel, b; is the unknown input gain,

€ R™—1 is the uncertam parameter vector, @,;(@;) € R™™! is
smooth functions, which is known and A;(x,f) is unmodeled dynamics.

As shown in system (1), the parameters of the model cannot be
accurately determined, but we assume that the uncertain parameters
lie in some previously known intervals, as shown in assumptions
1 and 2. In addition, assumption 3 is for the desired trajectories.

Assumption 1. The uncertain parameters 9 and b; are bounded
and the bounds are known in advance, i.e.

07 € Qp == {07 : )™ <

H HOde}
b € Qp, = {b; : O<b“““§

< b;nax }

(@)

where 00™" 0™ pminand H"* are known. Furthermore,
pimin > 0, which conforms to the physical point of view.

Assumption 2. The unmodeled dynamics is bounded, i.e.,
A € Qy = {A,- C|A] < gd,}, where ¢4 > 0 is known.

Assumption 3. The desired trajectory x, is continuous, and its
first-order derivative X; and second-order derivative X; are
bounded and available.

In order to design the controller conveniently, we transform the
model in Eq. (1) into the following form:

91 m, Xi = —Q; (w,)@ + Xig1 +A ()C t)
i=1,2,....,n—1
. T _ , 3)

Oi,m,,xn = —Q, (wn)on +u+ An(xv t)

Yy =X
where 0;,,, = L, 0; = 0 € R Al(x, 1) = ( D=1,

According to assumptlon 1, there exists 0"““ 0"‘” 0',",:;’,

0F satisfying 0; € [0™ 0™ and 0,,, € [9:“,:;‘,9:“,‘,,“], respec-
tively, where i = 1, ..., n. Moreover, Hm'" om, 0{";7", and 07 are

functions of 07™", O™ pmin and pM in respect. From assump-
tion 2, it can be seen that A}(x,?) is bounded. So the model in Eq.
(3) has the following properties:
Property 1
éi S Q()V. = {é, : é;nin < éi < é;nzm}
Q(),m = {01 m - 0< Ojnylny,] < Oi,m,
A€ Q= {A}: |Al <<}

0i m; S S 0?1::} (4)
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where O™, 97, 6):“,'”“ O > and ¢, are known.

C0n51der model (3) which has unknown parameters, disturb-
ance and unmodeled dynamics, the control problem is formulated
as follows. Given the desired trajectory x,, the object is to design
a bounded control law for the input u such that the system is stable
and the output y tracks the desired output trajectory x, as closely
as possible in spite of the aforementioned uncertainties.

Some notions that will be used in the following sections are
introduced. For simplicity, the following notations will be used: e;
for the ith component of the vector e, é for the estimate of e, e,;,
for the minimum value of e and e,,,, for the maximum value of e.
llell is the Euclidean norm of e. A.,;,(*) and A,.(*) are the mini-
mum eigenvalue and maximum eigenvalue of the matrix *,
respectively. The operation > (or <) for two vectors is performed
in terms of the corresponding elements.

3 Controller Design

In this section, the DSC technique based on second-order filters
is used to design an ASMC instead of the integral backstepping
method, and in sequence the explosion of terms problem is
avoided. Then, a composite adaptive law is introduced to estimate
the uncertain parameters.

3.1 Control Law Design. A dynamic surface control
approach on the basis of second-order filters is adopted in this pa-
per. The design is based on the following error variables:

€] =X —Xq
€ =X —I11
. (5)

€n = Xn = Z(n-1)1
where x, is the desired trajectory of the system and the first step,
while z; _ 1 is the desired trajectory for the ith step, z; _ 1); is the
output of the filter with input o;; _ 1, and o; _ | is the virtual control
in the i — 1 step.

The design process is as follows:

Step 1. The error variables related to the design in step 1 are
ey =x1 —Yyqand e; =x, — zy;. The derivative of ey is é; = X — y4.
Then, from Eq. (3), we can obtain the following dynamics:

Ovm €1 = Oy X1 — Oy m,Ya
=*§01T(w|)9_1 +X2*A,( 1) — 01 Ya (6)
*Xz— (w1)®]—A(7t)
where ¥ (@) = [golT(wl),)}d}T, O = [GT,QWI]T, and ®; € R™.

If x, is the control input in the first channel of model (3), then
from Eq. (6) one could synthesize a virtual control law o, for it. A
similar controller as that in Ref. [24] for Eq. (6) is as follows:

o = 0g + O @)

where «,, is the adaptive control term and o is the robust control
term. Let

o=V (01)6, (8)

N ’LT A
where ©; = [0,,0,,,]".
The robust control term o contains two parts are

Oy = Ol1s,1 + 012
a1s = —kuie ©
%152 = —ki» tanh(hlkuel)

where ki1 >0, ki > ;;I, 71 >0, and “tanh” is the hyperbolic tan-
gent function.
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In traditional backstepping based sliding mode control, the
derivative of o is needed in next step; however, it is difficult to
find the derivatives. In this paper, filters are used to eliminate the
analytic computation, the derivative of the virtual control effort.
In step 1, the proposed filter which is similar to that in Refs. [19]
and [20] is as follows:

1

in = —;(211 — o) — g tanh(Zyi g (zin — o)) —e; (10)

where 7, >0, g11 >0, 4;; > 0. 7y, is the time constant of the fil-
ter, g;; and /;; are designed constants.

The filter dynamics should be considered in stability analysis as
the filter is used, and the Lyapunov candidate is defined as

Vi=Ve, +Vg, + Vi, an
where  V,, =101,,¢, Vg =10[I7'0, ©;=0,-0,
Vi, =%h%1, hyy=zy;—ay. The derivative of V; is

Vl = 91‘,,,161651 + (:)Trflél + h11h11~
According to Eq. (10), one can get that

1

hiy = *Ehu — gy tanh(Zy 811k ) — e — g (12)

From Egs. (6), (12) and noting x, = o; + e + /1, it holds that
Vi=e (ocl +ex+ hyy — ‘I‘IT(wl)Gl — A (x, t)) + (:)Tl"l_l(i)l
+h11(—%h11 — gn tanh(Zy1811h11) —er — dy)
=¢; (‘Pf(wl)(:)l + oy + e — AY(x, 1)) + C:)Tl"l’l(i)l
+h11(*%h11 — gu tanh(Zy1g11 /1) — 6)

(13)

If we choose the adaptive law as 0, =-INY, (w1 )e; and substi-
tute o5 into Eq. (13), then

Vl = — k]]E% — (klzeltanh(hlklzel) + A/l (X, t)el) +er1er
1 .
—ah%l — (g11hi tanh(Zy1811h11) + dihyy)
S —lme% — (klzeltanh(hlklzel) — }A/I(X, t)‘ . |€||) “+e1er

1 .
——ht, — (guhn tanh(Zyiguihnn) — |6 - [ ])

T1
(14)
According to Lemma Al, if k1, > |A/1 (2, 0)], 811 > |01 ] x> We can get
—k12€1tanh(7’21k12€1) + ’All ()C, l‘)’ . ‘€1| < K/h]
—guthi tanh(Zy guihi) + || - [hi| < x/7n
and then the derivative of V; satisfies
; » 1,
Vi S*k||€1*7h11+81+€|€2 (15)
1

where ¢ = k/liy + k/711. The term eje, in will be canceled in
next step.

Step i. The error variables related to the design in ith step are
e;=Xx;—z;_1y and e;=x;41—z;. The derivative of ¢; is
é; = X; — Z(_1)1- Then, from Eq. (3), we can obtain the following
dynamics:

Oimi€i = OimiXa — 0imZ(i-1)1

_ ) (16)
= —lﬁ?(mi)gi + Xip1 — A;(% 1 — Oim 211
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Similar to step 1, if x; | is the control input of the ith channel in
Eq. (3), then we can synthesize a virtual control law o; for it.
However, in Eq. (16), the derivative of z; _ ), is appeared, and
the following filters that are similar to those in Refs. [19] and [20]
are used to approximate Z(;_y);.

. 1 .
Z(i-12 = —m(z(m)z - Z(H)l) — €
i
—g(i—n2 tanh (A 128-12(Zi-12 — Zg-1y1)) (A7)
. 1 N
Zil = — r_ (Zz'l - ai) — &il taﬂh(/tilgil (Zil - Ofi)) — €
il

where 7(; _ 1), and 7;; are the time constants of the filters, g — 1),
gi1» Ai—1)2> and 7;1 are designed parameters. The first equation in
Eq. (17) is used to approximate Z;;_1);, and the second equation in
Eq. (17) is used for the design in next step.

Remark 1. In Eq. (17), the derivative of o; _ ; is approximate by
a second-order filter, which is composed of two first-order filters
as that in Refs. [19] and [20]. The measurement noise can be elim-
inated in the virtual control effort with these filters [17].

Remark 2. A saturation compensator in Refs. [19] and [20] is
used to achieve fast transient response of each filter. In Eq. (17),
the hyperbolic tangent function, which is superior to the saturation
compensator is used, and the performances of the filters can be
improved.

Let h(ifl)Z = Z(,’,])z — 2.(1;1)], hil =Zj1 — % then Eq (16) can be
rewritten as

eim, éi
= =] (@)0; + xi11 — Aj(x,0) = O, (212 — hii—12)
=01 — Y (@2, 2-12) O — AL, 1) + O 102 (18)
where \Pi(w%Z(i—l)Z) = [Q’iT(wi)vZ(i—l)ﬂT’ 0, = [G‘irveiﬁmf, and
©; € R™.

Then, one can synthesize o; with the similar structure in Ref.
[24] as follows:

o = Qig + s (19)
where o, is the adaptive control term and w;, is the robust control
term. From Eq. (18) and noting the coupled error term between
the ith step and the (i — 1)th step, «;, can be given by

dig = VT (@1,2-1)2)O; — ey (20)
where @,‘ = [5?7 OAivml]T.
The robust control term o;; contains two parts are
Qs = Olis,1 + Uis,2
Olisi = —kire; (21)
Ujsp = —kip tanh(h,»k,—ze,-)
where k;; >0, k;» >0, h; >0.
Define the following Lyapunov function candidate:
Vi=Viai + Ve, + Vo, + Vi + Vi, (22)
where V,, = %9,-,,,,612, V(:), = %(:)ITITIC:),-, (:),- = @,- -0,
Vi, = %hizl, and Vi, = %05<mih%i—1)2' The derivative of V; is

Vi=Viii + el mé + (:‘),Trflé)i + hithip + Gi,m,h(i—l)zh(i—l)z-
From Eq. (17), one can get the derivative of A; _ 1y, and h;; as
follows:

MARCH 2012, Vol. 134 / 021011-3



h(i—l)Z =——hi_1p

(i-1)2
—g(i—1y2 tanh (Zi_ 18— 1)2h(i—1)2) — € — Zi—1)1
hit = =L hy — giy tanh(Zngihi) — e; — &
(23)
From Egs. (18), (23) and noting x; . 1=o0o;+¢€; 1+ M,
Z(i—l)l = Z(i—l)2 — h(i—l)Z’ it holds that
V,' = @lTITl@, + V,;]
+ei (W (@2, 2-1)2) O — ey + o + eja1 — Al(x, 1))

1 .
+ hi (*Thil — gii tanh(Z; k) — 0<i> + O hii-1)2
il

1 ..
X (* h(z‘—l)z — 8(i-1)2 tanh(z(i—l)zh(i—lﬂ) - Z(i—l)l)
T(i-1)2

(24)

If we choose the adaptive law as ;= —I¥i(@i, gtz(i-1)2)e; and
substitute o;, into Eq. (24), then

V,' = V,‘,l — kile? — (k,‘zel‘ tanh(h,-k,ge,») + eiA;(x, l))

1 .
—eiei_ +ejeip — ?hizl — (gihir tanh(Ziyhiy ) + hir o)

il
— Oim, (8(—12h(i—1)2 tanh (Zi—1)2hi—12) + b1
O; i,
T(i-1)2
<Vi— k,-lel-2 - (kizei tanh(7;kpe;) — leil - }A?(x, t)’)

.Z.(ifl)l) - h?i—l)z

1
—ejei_ +ejeiy — T—hﬁ — (gihi1 tanh(Z; ki)
il

1

—|hit| - 165]) = Oim, (8(i—1)2hi—1)2 tanh(Zi—1)2h(i—1)2)
O n.
_ h,‘, . .Z'[f _ 1,m; hzi_
’ ( 1)2’ ‘( 1)1‘) i (i-1)2

(25)

According to Lemma Al, if &2 > |A;(x, 0|, i1 > |t may. and
8li-12 > ’2(,-,1)1|max, we can get —k;2e; tanh(7i;k;2¢;) + |e,»|-\A§
(6, 0| < w/hi, —gihi tanh(Z ki) + ha| - o] < x/Zin, —gi-1)2
hi-1)2 tanh(z(i—l)Zh(i—lﬂ) + |h(i—1)2’ : ’.Z.(i—])l| < «/%(i—12- Then,
the derivative of V; satisfies

_ i i i 0,
Vis=D kne =Y ki) i
= = = -2
(26)

i
+ E &+ ejeiy
J=1

where & = w/l; + k/71 + k)71, ] =2, ..., 0.

Step n. The error variables related to the design in nth step are
€, =X, —Zu 1)1, the derivative of e, is ¢, = X, — Z(,_1);. With
the above defined error variables, a nonsingular fast terminal slid-
ing mode for the nth channel in Eq. (3) can be described as [25]

1
g = e
_JO” PRV SR @7
0y = 01 + 5 |61 + coy|” sign(61 + ca1)

Y

where >0, ¢ >0, y=pi/q1, 0<p; <q1, p1, and ¢, are odd inte-
gers. The first derivative of o, is [25]

6y = 61 4 Pl61 4 coy|' (6 + céy) (28)

021011-4 / Vol. 134, MARCH 2012

Let

1 . . .
z2(01) = = |61 + cay|'sign(ay + coy) + (61 +car) (29)

C
B 2—y

Then, from Eq. (27), we can gain that f|6; + ca1|17yz(0'1)
= d1 + c0o,, and 6, can be rewritten as

Gy = —coy + B (61 + c61 +2(a1)) (30

where = plé1 + cay|' 7.
Then, from Egs. (3), (27), and (30), one can get the following
dynamics:

Opm, 02

= —O0pm, 02 + B (Onm, 1 + COpm, 61 + Opm,z(a1))

= _Cel‘l,lﬂn oy + ﬁ”(en,mnxn -
+ c0ym, 61 + Onm,z(01))

€1V

0n,n1,,2(i71)1

It is similar to the design in the ith step that a filter is designed to
approximate Z(;_;); in Eq. (31)

1

T(n—1)2
(5 b = 2ol + g2

— Z(n-1)2 — Z(n— -
T3 (n—1)2 (n—1)1 8(n—-1)2

X Sign(Z(nfl)z - Z.(n—l)l)

2(n—l)2 = (Z(nfl)Z - Z.(n—l)l) - /3”02

(32)

Define A, — 1y2 as A(u—1)2 = Z(a—1)2 — Z(u—1)1, then Eq. (31) can be
rewritten as

Onm, 62 = —COpm,02 + B’ (” - ‘//E(wn)g_n
+ O, hu—1)2 = O, Xnea)
= —COpm, 02 + B (u — V) (@, Xnea) O
=6, 1) + Onn, h1)2)

— Al (x,1)

(33)

where an (wnaxn,ed) = [Qoz(wn)axned]T»
—2(01), 0, = [67:, On,,,,ﬂ]T, and ®, € R™.

where u is the control input of the nth channel, and it is also the
control input of the whole system as described in Eq. (3), and
from Eq. (33), we can gain the control law as follows:

Xned = Z(n—1)2 — CO1

U=ty + Uy (34)

where u, denotes the adaptive control term and u is the robust
control term. Let

Ug = lI"I(‘wmxned)®n (35)
A~ ’;T ~ T
where ©, = [0,,0,,,,] .
While the robust term is given by
Uy = Uy, + Uy,
us, = —kn102 — kpa|oz|"sign(oz) (36)
us, = —ky3sign(ay)

where r =p,/q,, 0 <p, < ¢qa, p2, and g, are odd integers. k,,;; >0,
ky2 >0, ky3 > ¢,

Substituting the control effort in Eq. (36) into Eq. (33), one can
get that
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C(")n,m,, 02 + /// (\P},‘(wn)@n + ug
7Al (.x, t) -+ 0n‘muh(n,1)2)

Hnm 7 = —
m, 92 37)

3.2 Adaptive Law Design. In subsection 3.1, the adaptive
law is selected as ©; = —I';'¥;(w;)e; for the ith (i =1,...,n — 1)
channel; however, only the tracking error is included in the adapt-
ive law, and the estimated effect of the parameters is not well. In
Ref. [16], the composite adaptive law, which includes the tracking
error and the prediction error, is used to achieve better parameter
estimate. Inspired by this idea, the composite adaptive law is
designed for each channel.

For the ith (i=1,...,n—1) channel in Eq. (3), the system
equation can be rewritten as

X :Gimx,‘+(;~rwi éi*A;X,[
4= s+ (000~ K0 .
= ¢; (01,3%)0; — A(x, 1)

where ¢;(w;, %) = [@F (w),%]", i=1,....,n— 1. If we define
X, 4+ 1 =1u, then the system equation in the nth channel can also be
rewritten in the form of Eq. (38).

Let x;, pass through a first-order law filter, then we have

Xy = bp(@,5)0; — faren (39

[(p};(wf)uf:\?z]T’
T
@igmi—1)(@i)] ", and

where (Pfi(mi) = (Pﬁ'('ﬂi) = [‘Pilf(ﬂ)v‘l’ﬂf(@i% sy

Piry + K@i p = Ky (@5)

Pitmi—1). + K Pitm—1)f = KPi(m—1) (@) (40)
X1y + KaX(isnr = KX(it)
Faiten + Kifaen = Ai,1)
while f;, is defined as
).(if + KfiXif = Xj (41)
fo = Kfi(xi — x,-f)

Due to the boundedness of Aj(x, ), I
falesy = 0, then, we can get

is bounded. Assume that

Fonr = 3 (@1,5)0; 42)

Define the prediction-error e; which is similar to that in Ref. [16] as

e =Pi©;, — 0 (43)
While the matrix P; and Q; are given by
Pi = [y [ (@)i(o)][dyi(mi) i(v)] d 4
0 =y ¢f,- @) (0)] (i1 li () ]dT
and /;(t) is
ti(t) = exp(—&;7) 45)

where k>0, &> 0. K and ¢; are parameters to be designed.
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From Egs. (42)—(45), with some manipulations it holds that [16]
[¢ﬁ(wz) 4(@)][phisi(;)6i(x)] dr®;

€ﬁ =
fﬁwmwwwwmm
_ mmummwmw%@ (46)
ffmeHW@MMW@

= [%(wz) (@) [dyi(@i) ()] dx®; = P,©;

Thus, ej; contains the information of the parameter estimate errors.
The adaptive law can be designed as

©, = Projg, (~ I ¥i(@, g1z 12)e;
i=1,...,

FA(’fl)
n—1

T (Anes + Yosiglen)”))
47)

én = Projg, (~=Tup" 0¥, (m2) —

Remark 3. In Ref. [16], the parameters of the whole nth-order sys-
tem are estimated uniformly in an adaptive equation, and the
dimension of the matrix P is m X m, where m = Z;’zl m;. When m
is the large, the dimension of the matrix increases awfully. In Eq.
(47), the parameters of each channel are estimated by one adaptive
equation, respectively. The dimension of matrix P; is m; X m;, and
the total dimension of the matrixes is Mo = v, m; X m;, which
is smaller than m x m. This can reduce the calculation burden.

4 Stability Analysis

Theorem 1. Suppose that the control law in Egs. (34)—(36) with
the adaptive law in Eq. (47) is applied to the plant (3), and if there
exists a time Ty that P;(Ty)(i = 1,...,n) is positive definite, then
e, convergences to 0 in finite-time, and e; converges to a bounded
layer exponentially.

Proof. Define the following Lyapunov function candidate for
the nth step:

Vo = Vaz + V(:)” + Vh(,, (48)

—1)2

1 2
where V,, = 59,1,,”” 03, V@" =

.
%en rn 0,, Vh(ﬂ 2 %Hn-muh(zn—l)z'
The derivative of V, is

Vo' = UZHnm” oy + 6;1; n 1® + 0;1 m,, (n— 1)2h(n 1)2 (49)
From Eq. (32), we can get
h - h - A1y sign(h )
(n—1)2 T 112 (n—1)2 113 (n—1)2| S1g (n—1)2 (50)

*g(n—l)zslgn(h(n—l)z) - ﬁ 02 — Z(n-1)1

Substituting Egs. (36), (37), (47), and (50) into Eq. (49), one can
get

VJ = ﬁ ”02 (us

) 0)1 m
+ :BHO_Z\I}Z(W’?)®" + ®;£rn l® %ﬂh(zn—l)Z
T(n-1)2

7ﬁ”620n,mﬂh(n—1)2

— 6‘9” m”O'Z A/ (X f) + On‘m,,h(n—l)Z)

(51)
enm

= [
T(n—-1)3

— (8e12|hn-12] + Zp1)1h(um1)2)

1+r
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Noting Lemma A2, we have

— 0¥} (@,)0, + 0!, ! 0,
< f(:)IA,,efﬂn - @n Y,,s1g(ef,1)
then
Vs <

- (Con,m,, +knl)o_% - k)12|0—2|1+r+/))”(k)13 - |A:‘(X, t)‘)‘o'Z‘

- (:)EA"ef" - (:)ITnSig(efn)r — |h(n—1)2‘l+r
T(n—1)3
e AT IR [
T1)2 (n—1)2 (n—1)2 (n—1)1 (n—1)2
As ki > s 812 = [E(n-1)1] - it hOIds that

B (kuzloz| — A, (x,1)02) <0
(=812 + [Z=11]) [Ar-12] <0

Thus

V < - (9,,,,,”+k,,1)62— nZ‘GZ‘H—r

- G)nA"ef" - ®nY"SIg(ef’l)
en,m,,

T(n—-1)3

o Orm, e

I+r
(n—1)2 — ’

hiy—
112 (n—1)2

In Eq. (54), the terms related to o, satisfy

(Con,m,, + knl)o-g + k)12|0'2|1+r: k;, VJZ + k 7+1 )2

1+r)/2
1 2cOnmy ) 10 2 (
where k= === Ky = k(g7 ’

02/ 0
(52) o 04 :* 05
06/ /
K
08" 0 0.2 0.4 06 ADS-NFTSMC
ADS-SMC

0 0.5 1 15 2 25 3 35 4 45 5
t(s)

Fig.1 Error variable e,
(53)
If P(T)) is positive definite, then
—OTAPO; < —9,0IT; ', (60)
min ; min (PiP,
where ¥; = m(( ’; 0<y < %
Then, from Eq. (24), one can get
L1
T 2
Vi < — Zk,le —Z@ AP;©; — z}:ahﬂ
=
) ,Zro] e ZFJ T eieivy
1 1 ©v
j,m; Il 1A
(54 Sﬂﬂ Y RSB LR T
=1 =T =1
: 0/}"7/ 2 i
D bl D u T eiein
Jj=2 J=1
. .2k
(55) Where p; = min{p;1, pi, pi3; Pia }» Pit :I:Hl“n ,.{0/.‘”/,1,,}’

mm {

e

P = mm {219} P = mm {Tl} Pis =

AAAAA

From Eq. (22), we know that

Ti1)2

While P,(T)) is positive definite, the terms related to ey, satisfy

BN T
Vi:izl:ohmlf—'_zZ@ @
=

— O} A — O Ysiglen) < —VuVe, —02Vg " (56) ©2)
1¢ 1
, +5 > b +720- i
. . Jamin (T _(140)/2 onin (PoPT 1 JmtE(j—1)2
where U1 = S8 via = 25— 0 < 1y < B MET e
For the terms related to A, _ 1), it satisfies that
So, we can get that
ey n 2 0 0 1+4r
_Tnm h(,,,l)z_‘cnm |]’l 12 ’ . / ;
(n—1)2 (=13 (57) Vi< —pVi+ Z & +eieit (63)
B 2 2 42 =
- hip—12 .
T(nfl)Z (=12 T(n71)3 ha-n2
Define the Lyapunov candidate as
As 0<r<1,0<(1+4r)/2<1, according to Lemma A3, we can
get the following inequality from Eqgs. (54)—(57). V=V +Vs (64)
Vo < —piVo — pzvl(rlJrr)/Q (58)
1
where p; = min{k},, ¥, —=— 7”} 0y = mm{knz,ﬁg7I —}.
From Eq. (58), we know that V, can converge "t6 0 in finite o
time. While V,=0, ,=0, and from Eq. (27), we know that ¢, N o
can converge to 0 in finite time. o 2 I
For the ith (i=1,...,n—1) step, the following inequality 2
holds: 3 “ 02 04 06 frooificn
4 :

V] (w2 )@ +0T; é)i <
_ ®i Aleﬁ = —G)[ A[P,‘@l’ S 0
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Fig. 3 Error variable e;

Its derivative is V, = Vn,]l +V,. From Eq. (63), we know that
Vit < =pl_ Va1 + ZJ'-'; & + e,_1e,, while e, converges to 0
in finite time, it holds that

Vn = Vn—l + VU
n—1
<P Vai + )&= puVe (65)
=1
< —P;,Vn + &
where p/, = min{p],_,,p,1}, &= E}‘;ll g.
150
®“: 1 Actual Value
ADS-NFTSMC |
ADS-SMC
0.5 : :
0 1 2 3 4 5
t(s)
0.8
_ 06 22
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1
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& 0.6 ADS-SMC
0.4 -
02f 7 .
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t(s)
15—
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3 :
® o5l
NI
0 1

Remark 4. Due to the use of the nonsingular fast terminal slid-
ing mode control in the nth step, the finite-time convergence of
the error e, can be achieved, and the faster transient response of
the system can be obtained.

5 Simulation

In this section, the effectiveness of the proposed method is vali-
dated by simulation.
Consider the third order system in semifeedback form
0172)'61 =X — (pf(xl)gl + Al (X, l)
0235 = x3 — @3 (x1,22) 0, + Ay (x, 1) (66)

03453 = u — @3 (x1,x2,x3)03 + Az (x, )

where
@, (x1) = —x sinx;
@y (x1,X2) = [—x; sinxy, —xp sinx; ]
@3(x1,X2,X3) = [—X1X3, X2 COS X3, X3 sinxz]T
and
1
~ 08+ 7/
®“ 06" Actual Value |
o ADS-NFTSMC ||
04}/ ADS-SMC
0'2 3 Il P PRI Y n M A
0 1 2 3 4 5
t(s)
12} {5
N P
o 1 Y/ Actual Value |°
08 ! ADS-NFTSMC *
b ADS-SMC
06" : — : : -
0 1 2 3 4 5
t(s)
_ 04
® 4 Actual Value |
02~ ADS-NFTSMC ||
: ADS-SMC |
0
0 1 2 3 4 5
t(s)
1.5
[ Actual Value
- 1: - ADS-NFTSMC |-
3 t ADS-SMC
o) I
0.5
Oif. -~
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ADS-SMC
..... Y e :

t(s)

Fig.4 Estimates of parameters
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Ay (x, 1) = 02)(}/3 sinx;
Ar(x,1) = 032x1x;/3 COS X3

Az(x, 1) = 05sin(107z)

The parameters are defined as @) = [(71,0172}T, 0, = [04;02‘3?,
0; = [5; , 6374]T. The nominal values of the parameters are as fol-
lows ©jpom = [1.5, 11]T, Oanom = [0.75,1.125,0.625]", Ospom=
[0.4, 0.32, 0.48, 0.4] . The minimal values of the parameters are
given by O =[0.5, 0317, Oomin =[0.2, 04, 0.2]", Osmin
=[0.12, 0.1, 0.15, 0.1]". ©ypex =125, 21", Oppax=I[1.5, 2.4,
1.3]7, O3max =11, 0.8, 1.2, 1.5]". The initial parameter values are
set as  ©(0)=[1,05]", ©,(0) =1[0.4,0.75,0.3]", @5(0)
=10.2,0.15,0.2, 0.25]T, which are different from the nominal val-
ues to test the effect of parametric uncertainties. The objective is to
design a control law u such that the output of the closed-loop sys-
tem can track the desired trajectory x,=sin(nf) as closely as
possible.

Two control methods, i.e., the proposed ADS-NFTSMC and
ADS-SMC are implemented. The following values have been cho-
sen for the parameters of ADS-NFTSMC:

Step 1. kll =5, k12 =0.5, hl =90, 1= T12:0.001, g1 = 10,
812=20, 4y = 712 = 100, & =0.25, xp =100, I'; =[200, 101",
Ar=[4, 11"

Step 2. k21 =5, k22 =0.75, h2 =200, To1 =T = 0.001, 821 = 25,
822= 30, 221 = 222 = 200, & =0.25, Kp= 100, 1"2: [10, 100,
0.11", A, =11, 1.2,0.1]".

Step 3. f=0.1, ¢ =10, y=r=13/15, k3; =20, k3, =20, k33 =1,
h3 =400, [5=[1, 30, 0.2, 0.005]", A; = Y3 =[0.15,0.15,0.1,
0.01]", &3 =025, Kz = 100.

For ADS-SMC, if we let z(g;)=0 and o,=e¢, in ADS-
NFTSMC, then the controller of ADS-SMC can be gain, and the
parameters are the same as that of ADS-NFTSMC.

As we can see in Figs. 1-3, the errors converge to zeros gradu-
ally in both methods, but the convergent rate of ADS-NFTSMC is
much faster than that of ADS-SMC, which indicates that the pro-
posed ADS-NFTSMC improves the tracking performance. Figure
4 shows the composite adaptive law can lead to not only accurate
parameter estimates but also fast parameter convergence rate.

6 Discussions

This paper discusses an ADS-NFTSMC approach for uncertain
nonlinear systems in semistrict feedback form. The explosion of
terms problem is overcome via introducing the DSC technique, and
the system performance is enhanced by introducing the NFTSMC
technology in the last step. The parameter estimates can converge
to their true values faster via designing composite update laws,
which leads to a better tracking performance. Finally, it has been
shown by simulation that the proposed control method performs
reasonably well and that the tracking control objective is achieved.
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Appendix: Preliminaries

Lemma Al. Forv # 0,v eR, and ¢ > 0, it holds that [26]
0 < |v| — vtanh(ev) < K/ (A1)

021011-8 / Vol. 134, MARCH 2012

where Kk =0.2785.
Lemma A2. Assume a; >0, a; >0, and 0 < b < I, then the fol-
lowing inequality holds [27]:

(ay+ @)’ <db + b (A2)

Lemma A3. Assume that a continuous positive-definite function
V(t) satisfies the following differential inequality [28]:

V()< —aVF V1 =19,V (1) >0 (A3)

where o >0, 0 < < 1 are constants. Then, V (1) =0, V¢ > t; with
t, given by

VI (1)

h=1ty+—m—=
(1= p)

(A4)
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