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1. Introduction

Neural networks have been applied in many areas such as pattern recognition, data mining, signal filtering, financial prediction and
adaptive control. Since there inevitably exist integration and communication delay, stability of the delayed neural network has been
extensively studied. Existing stability criteria can be classified into two categories, namely, delay-independent ones [1-4] and delay-
dependent ones [5-21]. Since delay-independent stability criteria are usually conservative than delay-dependent ones especially when the
delay is small, delay-dependent stability criteria have received much attention.

By introducing a new Lyapunov functional and using the S-procedure, a less conservative stability condition was put forward in [8].
In order to avoid the conservatism involve by model transformation and bounding techniques for cross terms, free-weighting matrices
method was used to derive stability criteria for neural networks with time-varying delay [9]. Results in [9] were further improved in
[10] by considering some useful terms which were ignored in previous results when estimating the upper bound on the derivative of
the Lyapunov functional. Using Jensen’s inequality, some simplified stability criteria were proposed [22]. These criteria were equivalent
to those in [10] but with less decision variables. By constructing an augmented Lyapunov functional, improved stability conditions have
been established in [23]. Using the relationship that d(t) + (hy —d(t)) = hy and (d(t) — hy) + (hy — d(t)) = hy, — hq, some improved delay-
dependent stability criteria were proposed in [11]. However, the above results are still conservative to some extent and there exists room
for further improvement.

In practice, the lower bound of the delay is not always 0. Therefore, the delay considered in this Letter is assumed to belong to
a given interval. By introducing a new Lyapunov functional, less conservative results are obtained using the free-weighting matrices
method and the idea of convex combination [16]. Using the augmented Lyapunov functional approach, the obtained results are further
improved. Two numerical examples are given to show the effectiveness of the proposed method and the less conservatism of the obtained
results.
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2. Problem formulation and preliminaries

Consider the following neural network with time-varying interval delay:

x(t) = —Cx(t) + Ag(x(t)) + Bg(x(t —d(t))) + u (1)
where x(-) = [x1(:)x2(-) -+ - X2()]T is the neuron state vector, g(x(-)) = [g1(x1())&2(X2(-)) - - - ga(Xn (-))]T is the neuron activation function,
and u = [uquy---uy]’ is a constant input vector. C = diag{cq,c2,...,¢cp} with ¢; >0, i=1,2,...,n, is a diagonal matrix representing

self-feedback term, A is the connection weight matrix and B is the delayed connection weight matrix. The delay d(t) is a time-varying
differentiable function satisfying

hy <d(t) <h; (2)
and

dity < (3)
where hy > h; >0, > 0 are constants. It is assumed that each neuron activation function, g;(-), i =1, 2, ..., n, is nondecreasing, bounded

and satisfying the following condition:
(X) — o

0< gi(x) — &i(y) <
X—Yy

where k;, i=1,2,...,n are positive constants.

Assuming that x* = [x]x}---x;] is the equilibrium point of (1) and using the transformation z(-) = x(-) — x*, (1) can be converted to

the following error system:

2(t) = —Cz(t) + Af (2(t)) + Bf (z(t — T (1)) (5)

where z(-) = [z1()22(-) -+ za()]T is the state vector, f(z(-)) = [f1(z1(")) f2(z2()) -+ fu(za(DIT, and fi(zi() = &i(zi (") + x}) — gi(x}),
i=1,2,...,n
According to (4), one can obtained that the functions fi(-),i=1,2,...,n, satisfy the following condition:
0< fi(z)

1
which is equivalent to

fi@)[fi(z) —kizi] <0, fi(0)=0, i=1,2,....n. (7)

ki Vx,yeR, x#y,i=1,2,...,n (4)

<ki, fi(0)=0, Vz#0,i=1,2,...,n (6)

3. Main results

In this section, some new Lyapunov functionals are introduced and less conservative delay-dependent stability criteria are derived for
system (5) with time-varying delay satisfying (2)-(3).

3.1. New stability results

In previous works such as [11], the Lyapunov functional which uses the information on both the upper bound of the delay and the
lower bound of the delay is often of the following form:

n Zi t t t
V(z)=2"OPz()+2) ni f fi(s)ds + f 2" (5)Q12(s) + / FT(2() Qaf (2(9)) + / 2" (5)Q32(s)
i=1 t—d(t) t—d(t) t=h
t 0 t —hy t
+ / 27 (s)Qaz(s) + / 21(s)Z12(s)dsdo + f / 71(s)Z22(s) ds do. (8)
t—hy —hy t+6 —hy t+6

Although the lower bound of the delay, h1, is used in the above Lyapunov functional, we think that the lower bound of the delay, hq, is
not used sufficiently especially when h; is not zero. In the above Lyapunov functional, the upper limit of some integral terms should be
t — hy1 but not t and the lower limit of the outer integral of a double integral term should be h; but not h;. In this Letter, a new kind of
Lyapunov functional being of the following form is proposed

n 4 t—hy t t
V(z) =2" (OPz(t) +2) A / fi(s)ds + / 21 (5)Q1z(s) + / fT(2(9) Qa2 f (2(5)) + / 2" (5)Q3z(s)
i=1 t—d(t) t—d(t) t—hy
t—hy 0 t —hy t
+ / ZT($)Qaz(s) + /2T(S)Z12(s)dsd0+/ /2T(s)222(s)dsd0. (9)
t—h, “hytre “hytio

Based on the Lyapunov functional (9), the following theorem presents a delay-dependent stability condition for system (5).
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Theorem 1. For given scalars hy > hy > 0 and jt > 0, system (5) is asymptotically stable for any time-varying delay satisfying (2)-(3) if there exist
matrices P >0,Q;>0,j=1,2,3,4,Z1 >0, Z; > 0, A =diag{r1, A2, ..., An} =0, and W; = diag{W1;, Wi, ..., Whi} > 0,i=1,2, and any

matrices N1, N2, M1, M3, S1, and S with appropriate dimensions such that the following LMIs hold:

re Iy hiN h12S 7

-Y 0 0
D1 = * <0,
* * —h]Z] 0
L = * —h12Z,

ro I'Y hiN hiaM ]

& * =Y 0 0 0
= <
2 % k —h] Z] 0

L * * —h12Z5

where

®11=—PC—C'P4+Q3+N;+NI,  ®p=N+M -5, @d3=PA-CTA+KW,,

Py =—(1—wQ1—S2—ST+Ma+Mj,  P33=Q;—2W1+AA+ATA",  du=—(1-p)Qs—2W3,

®s5=—Q3+Q1+Qs, Y=mZi+hpZ,, I'=[-C0AB00]", N=[NIN]o000O],

s=[sTsloo00]’, M=[MIM]0000]", K=diagki,ky,....kn}, hip=hy —hy,

[®11 P12 P13 PB S1—N1 —MqT]
* ®pn 0 KWy S;— N —M,
&= * * @®33 AB 0 0
* * Dyy 0 0
* * * * P55 0
L * * * * * —Q4 |

Proof. Taking the derivative of V (z;) along the trajectories of system (5) yields

V(ze) =22" (OP2(0) +2 ) aifi(zi(0)zi(0) — (1= d(©)2" (t — d(©) Quz(t — d(©)) + fT (2()) Q2 f (2(1))

i=1

—(1=d®)fT(z(t = d©)) Q2 f (z(t — d(®©)) + 2" () Q32(t) — 2" (¢ —h1)(Q3 — Q1 — Qa)z(t — hy)

t t—hq
—ZT(t —h2) Qaz(t — hy) + hizT () Z12(t) — / 21(s)Z12(s)ds + h122" () Zo2(t) — / 21 (s)Z22(s) ds
t—hy t—h;

<22" OPz(t) + 2T (2(0) Az(t) — (1 — w2 (£ — d(©)) Quz(t — d(®) + fT (2(D)) Q2 f (2(D))
— (A= wf(z(t —d®)) Q2 f (2(t —d(®))) + 2" () Q3z(t) — 2" (t — h1)(Q3 — Q1 — Qa)z(t — h1)

t
— 21 (t — h2) Qaz(t — hy) + hZT (©)Z12(t) — f 21 (s)Z12(s)ds

t—hy
t—hy t—d(t)

+h122T () Z22(t) — / 2T (s)Zo2(s)ds — / 27 (s)Z22(s) ds.
t—d(t) t—h;

Similar to [11], the following equalities hold

t
0= 2§T(t)N|:z(t) —z(t—hy) — / 2(s) dsi|,

t—hq

t—hy
0= ZET(t)S|:Z(t —hy) —z(t — d(©)) / 2(5)dsi|
t—d(t)

and,

(12)

(13)

(14)

(15)
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t—d(t)
/ z(s) dsi| (16)

t—hy

0=2:"(OM |:z(t —d(t)) — z(t —hy) —

where &(t) = [2T(t) T (t —d(®)) fT(z(t)) fT(z(t —d(t))) zT(t —hq) zT(t —hy)]". It is easy to see that

t t

2T (ON / 2(s)ds <mET(ONZ7INTED) + / () Z12(s), (17)
t—hy t—hq
t—hy t—hy

26705 [ H9ds< (@0 -m)ET 0520 + [ T ©2220) (18)
t—d(t) t—d(®)

and

t—d(t) t—d(t)

—2eT(OM / 2(s)ds < (hy —d(©)T (OMZ;'MTE(t) + / 21(s)Z22(s). (19)
t—hy t—hy

From (7), it can be obtained that

filzi®)[fi(zi®) —kizi(©)] <0, i=1,2,....n (20)
and

filzit —t®))[fi(zi(t —T®)) —kizi(t —T(®))] <0, i=1,2,...,n. (21)
Clearly, the following inequality holds for any W; = diag{W1;, Wi, ..., Wyi} >0,i=1,2.

0< -2 z”: Wit fi(zi®) [ fi(zi(©) — kizi(t)] — 2 z": Wi fi(zi(t — 7)) [ fi(zi(t — T(®)) — kizi(t — T(D))]

i=1 i=1
=22"(OKW1 f(2(0)) = 2f T (z©) W1 f (z(0) + 22" (t — T(©)KW2 f (z(t — (D)) = 2f T (2(t — T(©))) W2 f (z(t — T(D)). (22)
Add the both sides of (14)-(16) and (22) to both sides of (13) and apply (17)-(19), and one can obtain that

V(z) <ET (O ZEM) (23)
where
Z=0+TYIT +hyNZINT + (d(6) — hy)SZ5'ST + (hy —d(©)MZ5 'MT.

Note that hy < d(t) < ha, (d(t) —h1)SZ;'ST + (hy —d())MZ;'MT can be seen as the convex combination of SZ;'S™ and MZ;'MT on
d(t). Therefore, X' < 0 holds if and only if

@+ TYIT +hiNZ7'NT +h1p525 1T <0 (24)

and

&+ YT +hNZT'NT +hipMZ'MT <. (25)

By Schur complements, (24) is equivalent to @; <0 and (25) is equivalent to ®; < 0. Therefore, if ®; <0 and ®; < 0, then
V(z¢) < —¢|lz(t)||? for a sufficiently small & >0 which means that system (5) is asymptotically stable according to the Lyapunov sta-
bility theory [25]. O

Remark 2. A new Lyapunov functional (9) is introduced where the information on the lower bound of the delay is used sufficiently. Based
on this Lyapunov functional, a new stability condition is developed, which will be illustrated to be less conservative than existing results
through some numerical examples.

When wu is unknown, Theorem 1 is inapplicable any more. For this case, the following rate-independent result can be obtained by
letting Q1 = €11 and Q» = €31 with €1 > 0 and €, > 0 being sufficient small scalars.

Corollary 3. For given scalars hy > h1 > 0, system (5) is asymptotically stable for any time-varying delay satisfying (2) if there exist matrices P > 0,
Qj>0,j=3,4271>0,2Z; >0, A=diag{i, A2, ..., A} > 0, and W; = diag{W1;, Wy;, ..., Wp;} 2 0,i =1, 2, and any matrices N1, Np, My,
My, S1, and S, with appropriate dimensions such that the following LMIs hold:
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r® I'Y hN  hp;S
N * =Y 0 0
D = 0, 26
! x —l’l]Zl 0 < ( )
L * * —h12Z5
r® I'Y mN  hppM T
A * =Y 0 0
Dy = 0 27
2 * * —h1Z1 0 = ( )
Lx % * —h122Z5
where
(@11 @12 @13 PB S1— N1y —Mp7]
¥ ®p 0 KWy S;— N —Mp
G| * = b33 AB 0 0
T o« * x  Pu 0 o |’
* * * * 0355 0
L * * * * * —Q4 |

@y =—S7 — S3 + My + M3, b33 =—2W;+ AA+ AT AT, Bag = —2W3, ds5=—Q3 + Q4

and the other terms are the same as defined in Theorem 1.

3.2. Further improvements

In this part, the results presented in the above are further improved by introducing an augmented Lyapunov functional which contains
some novel triple-integral terms.
The following augmented Lyapunov functional is introduced

t—hy t t

Vaz) =" @Pn© +2 3k [ fwds+ [ FoQze+ [ TE0)QrEo)+ [ 760
=1 9 t—d(t) t—d(t) t—hy

t—hy t t—hy 0 ¢t —hi t
+ / Z7(5)Qqz(s) + / zT(s)Qs2(s) + / 2T (s)Qez(s) + f 21(s)Z12(s)dsd6o + / / 21(s)Z22(s)ds d6
t—hy t—hy t—hy —hy t+0 —hy t46
0 t —hy t 0 0 t
+ / / z7(s)Z3z(s)dsd + / / 27 (s)Z4z(s)dsd6 + f / / 2T (s)R1z(s) dsdx do
—hy t+6 —hy t+6 —hy 0 t+Ar
—h1 0 ¢t
+///2T(S)R22(s)dsd/\d9 (28)
—hy 6 t+Xx

where n7(t) = [T (t) 27 (t —hy) 27 (t — hy) ftt_h] ZT(s)ds ftt:h’? ZT (s)ds].

Based on the above augmented Lyapunov functional (28), we have the following result.

Theorem 4. For given scalars h, > hy > 0 and u > 0, system (5) is asymptotically stable for any time-varying delay satisfying (2) and (3) if there
exist matrices P = [Pjjlsx5 >0,Q; >0, j=1,...,6,Z>0,1=1,...,4, A=diag{iq, A2, ..., A} > 0, and W; = diag{Wy;, Wy, ..., Wy} >0,
i =1, 2, and any matrices N1, N2, M1, M2, S1, and S, with appropriate dimensions such that the following LMIs hold:

_ h2

® TIY 71L hsH hiN hiT h12S h12 7> ]
* —-Y 0 0 0 0 0 0
2
x % —SR; 0 0 0 0 0
@1 — * k * —thz 0 0 0 0 < 0’ (29)

* * * * —h1Z4 0 0 0
* % * * * —h1Z3 0 0
* * * * * * —h12Z> 0

Lx % * * * * * —h12Z4
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e Iy TlL hsH hiN hir h1oM hia?y ]|
* =Y 0 0 0 0 0 0
* * —@Rl 0 0 0 0 0
Oy=| * * * —hsR> 0 0 0 0 <0
* ok * * —h1Z,1 0 0 0
* % * * * —h1Z3 0 0
* ok * * * * —h122Z» 0
L % * * * * * —h12Z4 4
rOn 612 O3 PiuB OG5 O16 P12 Pi3 7
* @22 0 KW2 52 — N2 —Mz 0 0
x % @33 AB ATP;; ATPp3 0 0
0= *k * % @44 BTP12 BTP]3 0 0
* * * * @55 @56 P22 P23 ’
* * * * * Og6 P2T3 P33
* * * * * * Qs — Q5 0
L * * * * * —Qp

©11=—P11C — C"P11 + Q3 + h1Z3 + h12Z4 + N1 + N] +h1L1+hiL] +hioHy +hioHY
©12=NJ + My — Sy +hiL] +hi2H], O13=P11A—CT A+ KWy, @15 = —CT P13 — P14+ P15+ P3, — Ny + 51,
©16=—C"P13—Pis+ Py —Mi, On=—(1-wQi—S2—S;+My+M],  O33=Q;—2W;+AA+A"AT,
Ou=—-(1-pn)Qy—2Wy,  Os5=-Q3+ Q1+ Qa—Paa—PJ,+Pls+PJs,  Osg=—Pos — Pl + P,

h2
Og6 = —Q4 — P35 — P, Y=Q5+h1Z1+h1222+71R1+h5R2, =[-C0AB0000],
N=[NTNJoo00000]", s=[sTsloooo00]", M=[MIM}ooo000]
Ty =[P{,C — Pas—Lj L} —P{,A — P{,B Pag— P45 Pss — P13, — P3,],
Ty =[P{sC — P4s — H] H) — P{sA — P{sB Pss — P4s Ps5 — P3s — P1:],
K =diagtki,ky, ...k},  hiy=hy—hy,  hy=(h3—h3)/2.

Taking the derivative of V,(z;) described by (28) along the trajectories of system (5) yields

Va(zo) =2n" ©PH() +2 ) Aifi(zi(0)2i(t) — (1= d(©)z" (t —d(©) Quz(t — d(®)) + T (2() Qa2 f (2(1))

i=1
— (1=d®) fT (z(t = d©®)) Q2 f (2(t — d(®))) + 2" (©)Q32(t) — 2" (t = h1)(Q3 — Q1 — Q)z(t —h)
— 2" (t — h2) Qaz(t — hy) — 2" (¢ — h1)(Q5 — Qe)2(t — h1) + 2" (1) Q52(t) — 2" (t — h2) Qe2(t — h2)

t t—hy
+hzT(t)Z12(t) — / 21(s)Z12(s)ds + h122" (t) Zo2(t) — / 7T (s)Zo2(s)ds
t—hq t—h;
t t—hy
+hi1ZT () Z3z(t) — / 27 (5)Z3z(s)ds + h122" (t) Zz(t) — / Z7(5)Z4z(s) ds
t—hy t—h;
0 t —hy t
+%h§2T(t)R1z(t)— / f 7T (s)R1z(s)dsd6 + hsz" (t)Roz(t) — / f 7T (s)Ryz(s)ds do
—hq t+0 —hy t+6

20" OPH©) +2fT (2(0)) Az() — A — wz" (t —d(©) Qz(t —d(®)) + T (2()) Qa2 f (2(1))
— (= fT(z(t = d®)))Qa2f (2(t —d®))) + 2" () Q32(t) — 2" (¢ — h1)(Q3 — Q1 — Qa)z(t — hy)
— 2T (t —h2)Qaz(t — hy) — 2T (¢ — h1)(Qs — Qe)2(t — h1) + 2T () Qs2(t) — 27 (t — h2) Qe2(t — hy)

t t—hq
+hizT () Z12(t) — / 21($)Z12(s)ds + hy22T () Z22(t) — / 71 (s)Z22(s) ds
t—hy t—d(t)

(30)

(31)
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t—d(t) t

f 21(8)Z22(s)ds + hqzT (t)Z3z(t) — / 27 (5)Z3z(s) ds + h122" (t)Zaz(t)
t—hy t—hq

t—hq

0 t
- / zT(s)zzz(s)der%h%zT(r)Rlz(t)—/ /zT(s)R1z(s)d5d9

t—hy —hy t+60
—hy t

+hszT (H)Ry2(t) — / f 2T (s)Rpz(s)ds db. (32)
—hy t46

To deal with the double-integral terms — ffhl ft[+9 zT(s)R12(s)dsd6 and — f:hh; ftt+9 2T (s)Rpz(s)dsd@ in (32), the following two equations
are introduced

t 0 ¢t
O:2§T(t)L|:h1z(t) — / z(s)ds — / 2(s)dsd9:| (33)
t—hy —hy t+6
and
t—d(t) t—hy —hy t
O=2§T(t)H[h1zz(t)— / z(s)ds — / z(s)ds—/ /2(5)dsd9i|. (34)
t—hy t—d(t) —hy t+6

In addition, the following two inequalities hold

0 t 0 t
—2sT(t)Lf /z(s)dsd9<%h%sT(r)LR;lLTg(r)+/ fz(s)R1z(s)dsd9 (35)
—hq t+6 —hy t4+6
and
—h1 t —h1 t
—ZST(t)H/ /2(s)dsd0<h5$T(t)HR2_]HT$(t)+/ /2(S)R22(s)d5d9. (36)
—hy t+6 —hy t+0

Base on (33)-(36) and following a similar line to Theorem 1, the proof can be completed. O

Remark 5. Similarly, Theorem 4 can also be extended to deal with the case for unknown w. Due to the limitation of the space, it is
omitted here.

Remark 6. Recently, a delay decomposition approach has been proposed in [26]. This scheme is very effective in the reduction of the con-
servatism. Combine the Lyapunov functional proposed in this Letter with the delay decomposition approach, and further less conservative
results can be obtained. Due to the limitation of the space, the details are omitted here.

4. Numerical examples

In this section, two numerical examples are presented to show the less conservatism of our results and the effectiveness of the
proposed method.

Example 1. Consider the following delayed neural network with [11,18]

C =diag{1.2769, 0.6231, 0.9230, 0.4480},

—0.0373 04852 —0.3351 0.2336
—1.6033 0.5988 —0.3224 1.2352

A= 0.3394 —0.0860 —-0.3824 —0.5785 |’
—0.1311 0.3253 —-0.9634 —-0.5015
0.8674 —1.2405 -—-0.5325 0.0220

Ay = 0.0474 -0.9164 0.0360 0.9816

1.8495 2.6117 -—0.3788 0.8428 |’
—2.0413 05179 1.1734 —0.2775

ki1 =0.1137, k, =0.1279, k3 = 0.7994, ks = 0.2368.
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Table 1
Upper bounds on h, for various h; and u.
hq Methods n=05 nw=09 Unknown p
1 [11] 2.5802 2.2736 2.2393
[27] 1.8832 1.7657 1.7651
[28] 2.2958 1.9512 1.9224
Theorem 1 2.5848 2.3111 2.2770
Theorem 4 2.6869 2.3924 2.3540
2 [11] 2.7500 2.6468 2.6299
[27] 2.4340 2.4003 2.4001
[28] 2.5778 2.4849 2.4712
Theorem 1 2.7716 2.6670 2.6504
Theorem 4 2.8475 2.7375 2.7190
3 [11] 3.1733 3.1155 3.1042
[27] 3.0956 3.0682 3.0671
[28] 3.1321 3.0872 3.0786
Theorem 1 3.1772 3.1186 3.1072
Theorem 4 3.2429 3.1827 3.1711
Table 2
Upper bounds on h; for various h; and .
hq Methods n=0238 n=09 Unknown p
0.5 [11] 1.3566 1.1689 1.0263
[27] 0.8262 0.8215 0.8183
[28] 1.1217 0.9984 0.9037
Theorem 1 1.3599 1.1786 1.0391
Theorem 4 1.3600 1.1786 1.0437
0.75 [11] 1.3856 1.2110 1.0803
[27] 0.9669 0.9625 0.9592
[28] 1.2213 1.1021 1.0102
Theorem 1 1.3990 1.2240 1.0885
Theorem 4 1.3990 1.2241 1.0972
1 [11] 1.4578 1.2887 1.1641
[27] 1.1152 1.1108 1.1075
[28] 1.3432 1.2238 1.1318
Theorem 1 1.4692 1.2944 1.1656
Theorem 4 1.4692 1.2948 1.1774

It is assumed that d(t) < . The corresponding upper bounds on h; for various @ and hy calculated by Theorem 1 are listed in Table 1
compared with those in [11,27,28]. Table 1 also lists the results for unknown . It can be seen that results obtained by Theorem 1 in
this Letter are less conservative than those in [11,27,28] since a new Lyapunov functional which sufficiently uses the information on the
lower bound of the delay is introduced in the development of Theorem 1. It can also be seen that results obtained by Theorem 4 are
less conservative than those obtained by Theorem 1 because some triple-integral terms are introduced in the Lyapunov functional in the
derivation of the Theorem 4.

Theorem 4 is checked on an Intel Core (TM) 2Duo® processor at 2.20 GHz using Matlab LMI toolbox. The computation time for this
example is about 150.3 s.

Example 2. Consider the following delayed neural network with [24]

1.0 -1 05 -2 05
C‘[o 1]’ A‘[o.s —1.5]’ B_[o.s —2]’ ki=04, k=08

The objective is to compute the upper bound of h; for various h; and . The compared results are listed in Table 2. It can be seen that
the method proposed in this Letter yields less conservative results than those in the literature. For this example, the computation time of
Theorem 4 is about 9.7 s.
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